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PREFACE TO THE FOURTH EDITION

The Relation between Formal Science and Natural Science has undergone 

some important revisions since its first edition was published back in 

2006.   It  forms  part  of  the  effort  to  examine  the  different  levels  of 

theory-making activity in science as an enterprise.

Guillermo E. Rosado Haddock, my friend and ex-thesis director, and 

Raúl  Iturrino  Montes  inspired  my  interest  in  Edmund  Husserl,  his 

platonist  views  on  mathematics,  and  the  role  of  ideality  in 

phenomenology.  A great deal of this book would not have been possible 

without their teachings and advice.

Still, to correct many of my misunderstandings about his philosophy 

of mathematics in the first and second editions, I published a third, and 

later fourth editions.  I recently included more material regarding some 

antiplatonist  or  semiplatonist  approaches  to  mathematics  and  logic. 

Many  of  my  criticisms  against  Mario  Bunge  and  Karl  Popper  are 

elaborations of those which already appear in my MA thesis .*  I thought 

pertinent  to  discuss  them  in  this  book,  because  they  serve  for  later 

works  on  the  Underdetermination  of  Science  Project,  which  assumes  the 

existence of an ideal realm.  It serves as an epistemological foundation to 

understand fully the scientific theory-making activity, what are its ideal 

limits, and how deep does the revisability of scientific theories go.

* http://pmrb.net/home/?q=node/7 
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PREFACE

The subject of underdetermination or subdetermination of science 

has  stimulated  me  ever  since  I  started  reading  about  philosophy  of 

science.   Pierre  Duhem's  The  Aim  and  Structure  of  Physical  Theory and

W. V. O.  Quine's “Two Dogmas of Empiricism” are writings that never 

leave  the  mind of  the  philosopher  alone.   They  continually  poke  it, 

sparking a philosophical reflection and  thought.  Unfortunately, some 

academics treat these philosophical works and certain interpretations of 

them as dogmas of blind faith, doing a disservice to Duhem, Quine, and 

to philosophy in general.  On the contrary, we should question them, and 

follow their  example,  so that  philosophy becomes a  fruitful  legacy;  a 

source of intellectual richness for future discussions.

Another big stimulus to my philosophical research has been Edmund 

Husserl's  phenomenological  doctrine,  which,  contrary  to  what  is 

generally expected, is deeply associated with many aspects of  analytic 

philosophy.  Many of us are continually seduced by his thinking, which 

has  contributed  more  to  twentieth  century  philosophy  than  many 

scholars realize.  Much of his legacy still endures completely unnoticed 

by analytic and continental philosophers alike.

Philosophy  of  science  and  many  aspects  of  husserlian 

phenomenology deal with two of the most important universal questions 

that  permeate  philosophy:   “What  is?”  and  “How  do  we  know?” 

According to Aristotle, these questions have made “love of wisdom” the 
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queen of all sciences.  He said in the first sentence that appears in his  

Metaphysics “All  men  by  nature  wish  to  know”.   That  sole  statement 

implies that there is always a wish to know something that exists but is  

unknown.

Philosophy of science tries to address one specific form of knowledge 

which  comes  from  natural  science.   According  to  many  authors, 

“epistemology” is defined as philosophy of science.  For them, there is no 

difference between these disciplines.1  The only knowledge there is for 

many of  them is  scientific  knowledge,  which  leads  to many forms of 

scientism.

Husserl's and Frege's reading, as well as reflections on mathematics 

and  logic have  made  me  think  otherwise.   That  conception  of 

epistemology as philosophy of science or as science itself is too narrow. 

It is difficult to say that mathematics and logic are just pure tautologies 

and that many of the most complex theorems proved in both fields are 

simply  “nothing  new”.   On  the  contrary,  historically,  philosophy  has 

always  depended on both fields  and their  discoveries.   Their  use  has 

made the difference between sophists  and philosophers.   Examples of 

rigor  are  Socrates'  mayeuctic,  Plato's  dialectics,  Aristotle's  Organon, 

Descartes'  Meditations,  Kant's  Critique  of  Pure  Reason,  Frege's  The 

Foundations  of  Arithmetic,  or  Husserl's  Logical  Investigations.   The  most 

fascinating  of  Plato's  works  involve  his  thinking  on  mathematical 

entities, like his beautiful and difficult work  Timaeus.  We can describe 

Aristotle's  Metaphysics as  one  of  the  greatest  gems  of  humanity,  an 

example of how far logical thinking can lead a man to make important 

rational advances.
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Most of the rejection to mathematical and logical knowledge is due 

to  the  fact  that  too  much  attention  is  paid  to  natural-scientific 

knowledge.   Sadder  still  is  that  such a  way  of  thinking  has  led most 

schools  and  universities  to  restrict  mathematics only  to  applied 

mathematics.   They  never  give  any  importance  to  the  wisdom  of 

knowing  mathematics in its  theoretical side especially as  a stimulus to 

think.   Just  like  philosophy and science,  mathematics deserves  to  be 

learned for its own sake.  The more we know about it, its axioms and 

theorems, the better our intellect and our culture will be.  The fact that 

some philosophers of science and epistemologists only value the useful 

part of logic and mathematics has even led some of them to say that we 

should cut all the “useless fat” of  mathematics and throw it to a waste 

basket.2  If  Bolyai,  Riemann, and Lobachevsky had followed that advice, 

most probably science would not have advanced the way it has.

Many  philosophers  forget  that  one  of  the  cases  used  by  Kant to 

exemplify  a  categorical  imperative  is  our  duty  to  promote  culture 

according  to  our  talents.3  In  a  society  like  ours,  it  seems  that  only 

commercial culture is valued.  So what can the proof of a theorem mean 

to someone who just wakes up in the morning, goes to work, returns 

home, watches TV and goes to sleep every day?  Not a single opportunity 

arises to enrich him or herself with the legacy of the past.  As Seneca put 

it beautifully in his On the Brevity of Life, one could prolong life in such a 

wonderful  way.   Philosophy  is  a  way  to  open  the  doors  to  new 

possibilities and options without losing rationality and rigorous thinking 

along the way.  We should not be surprised if many of the ills of society 

were caused precisely by a lack of love for philosophy, mathematics, and 

logic.   In  other  words,  society  could  heal  itself  with  more  “love  for 
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wisdom”,  an activity  done for  its  own sake.   Formal  knowledge  is  as 

enriching  as  natural  scientific  knowledge.   I  agree  with  Peter  Hilton 

when he said that the value of mathematics does not lie in the testing of 

the  market,  nor  scientific  usefulness,  nor  its  economic  value.   It  lies 

solely in itself and no more.4  The same applies to philosophy.

As  a  daughter  of  philosophy,  natural  science enriches  itself  from 

mathematics and  logic.   It  is  not merely a tool,  but  a  discipline with 

which scientists,  in  the long run,  learn to think rigorously  about  the 

empirical world.  However, unlike  formal sciences,  natural sciences are 

full  of  synthetic-a  posteriori suppositions,  hypotheses,  and  theories. 

When we look at the world, our  mind already has a theory on how to 

interpret  what  it  perceives,  and  when  natural  sciences  confront  the 

world, they do so from an entire theoretical body.  There are hypotheses 

that can be wrong, not exclusively because of themselves, but because of 

everything they suppose.  At the beginning, we saw everything through 

the eyes of myth.  Then philosophers began seeing the world a different 

way,  developing  whole  theoretical  bodies  or  paradigms  throughout 

history.

The fact that we have many world-paradigms and theories,  means 

that underdetermination exists.  A phenomenon or event is not enough 

to state categorically that a scientific theory is true, because there can be 

rival theories which can explain the same evidence.  Since, as  Husserl 

would say, we are talking about objects which form part of a network of 

objectual  unities,  and  these  are  correlated  with  a  formal  network  of 

theoretical  statements,  we have the problem of how much should we 

revise these theories (“fictions cum fundamento in re”) in order to account 

for  these  states-of-affairs.5  Very  important  questions  on  this  matter 
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arise  from  Duhem's  and  Quine's  works:   How  far  does  this 

underdetermination go?  How do changes in theoretical bodies happen? 

How many of these theoretical  principles are rejected along the way? 

Why do scientists accept new ones?  Why do they accept old ones again? 

Like philosophy, science is an endless pursuit of a certain kind of truth: 

the truth about the physical world and the universe.

There  is  a  sense that  the  subject  of  underdetermination  is  not 

irrelevant, it is very important, because it covers all relevant subjects in 

philosophy  of  science:   the  process  of  conjectures  and  refutations, 

paradigm  shifts,  the  religion-science  debate,  the  problem  of 

demarcation, scientific research programs, among others.

This ambitious project, which is called Underdetermination of Science is 

divided in two parts.  Part I was written to establish the importance of  

formal sciences (logic and mathematics) from a platonist standpoint, and 

see their true relationship with  natural science.  This book consists of 

presenting a viable and coherent platonist doctrine based on  Husserl's 

own philosophy of  mathematics, and refutes many of the objections to 

platonism.   Then,  some  challenges  by  Quine and  Hilary  Putnam are 

addressed in order to see that scientific  underdetermination does not 

reach the formal sciences.

Part II  will  examine practically most aspects that have to do with 

underdetermination:  from an examination the theoretical side of our 

mind with  which  we  constitute  our  entire  experience,  to  the  way 

scientific  paradigms and research programs are  formulated,  validated 

and accepted within the scientific enterprise and its implications to both 

science and philosophy.
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Notes

1 Bunge, 1997, p. 21; Popper, 1979, p. 108.

2 Kitcher, 1988, pp. 315-316.

3 Kant, 1785/1999, AK 4:422-423.

4 Gullberg, 1997, pp. xvii-xxii.

5 LI. Vol. I. §§23,62-63.
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Foundations of Arithmetic, all pages referred to regarding Frege's writings will 

be those of the original texts as presented by Michael  Beaney in  The  Frege 

Reader.  Regarding Husserl's writings, we will make reference to the sections 

where the passages are found.  In the case of  Logical Investigations, we will 

refer to the volume, investigation, and section.

By Gottlob Frege
FA. = The Foundations of Arithmetic = Frege 1888/1999

FC. = “Fuction and Concept” = Frege 1891/1997a

SR. = “On Sense and Referent” = Frege 1892/1997b

T. = “The Thought:  a Logical Inquiry” = Frege 1919/1997c

CO. = “On Concept and Object” = Frege 1892/1997d

By Edmund Husserl
LI. = Logical Investigations = Husserl 1913/2001.

ILTK. = Introduction to Logic and Theory of Knowledge = 1984/2008

I.  =  Ideas Pertaining  to  a  Pure  Phenomenology and  to  a  Phenomenological  
Philosophy (Vol. 1) = Husserl 1913/1973.

FTL. = Formal and Transcendental Logic = Husserl 1929/1969.

EJ. = Experience and Judgment = Husserl 1939/1973.
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INTRODUCTION

When  W.  V.  O.  Quine wrote  “Two  Dogmas  of  Empiricism”,  he 

confronted  philosophers  with  the  nature  of  mathematics,  logic,  and 

science.  For him, all of these disciplines are inter-related forming a very 

big web of theoretical dependency on each other.  There is no separation 

between  analytic and  synthetic judgments,  there can only be  a whole 

body of “knowledge”.  Scientific theories and mathematics are posits like 

the early Greek gods of Homer.  The so-called a priori disciplines can be 

changed for empirical reasons.  A clear example of this is the way logic 

was revised by  quantum phenomena,  and  mathematics was revised by 

the general theory of relativity.  Of course, Quine says:  “Posited objects 

can be real.  As I also wrote elsewhere, to call a posit a posit is not to  

patronize it”.1  But posits are posits regardless of whether they are real or 

not.

We should leave  behind  intensional  notions,  such  as  the platonist 

conception of meaning.  “Meanings are what essences become, when they 

are detached from an object and wedded to the word”.2  Science, on the 

other hand, is just extensional, it does not deal with intensions.  Since 

physics is the north which guides philosophy in its research, we should 

be  content  with  that.   Logic and  mathematics,  though  posits,  are 

important tools for science; and with the exception of some problems in 

set theory,  mathematics can  be  pretty  reliable.   In  the  long  run,  we 

cannot establish the difference between analytic and synthetic meanings 
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in any case.  The only meanings we should pay attention to are the ones 

which can account for sensible experience.

In this book I shall attempt to challenge this aspect of “Two Dogmas 

of Empiricism” as a way to start dealing with the all-permeating problem 

of the underdetermination of science.  Many still support the idea that 

logic and  mathematics can  be  changed  in  order  to  account  for  raw 

sensory-data.  One of them has been Hilary Putnam, who shows that the 

general theory of relativity refuted euclidean geometry when it adopted 

a non-euclidean view of  space-time.  This way of thinking seems to be 

supported  by  some  epistemologists,  and  is  generally  accepted  among 

philosophers  of  science.   For  example,  in  Donald  Gillies'  excellent 

demystification of the Duhem-Quine Thesis, he says that Duhem rejected 

non-euclidean geometry and accepted euclidean geometry as a common-

sense way of providing physical foundations.  Gillies points out correctly 

that  Duhem's belief is not true, but  Gillies agrees with  Quine when he 

says that non-euclidean geometry superseded  euclidean geometry, and 

that Duhem's common-sense foundation of physics is false, even when we 

are surprised when he makes a very good recount of how non-euclidean 

geometry  came  to  be.3  He  also  quotes  Duhem saying  that  Aristotle 

formulated  logic in almost its final form, when we all know that  Boole, 

Frege,  Peano, and  Russell clearly superseded classic  logic,  and that we 

can also look at Brower's intuitionistic logic and quantum logic as proofs 

that  logic itself can also be changed.  From here he says that it “seems 

reasonable to extend the holistic thesis to include logic as well as to allow 

the possibility of altering logical laws as well as scientific laws to explain 

recalcitrant  observations”.4  He  later  develops  a  new  version  of  the 
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Duhem-Quine Thesis which allows logical and mathematical revision in 

light of recalcitrant experience.5

Philosophers of science in general are not enthusiasts of positing the 

existence  of  entities  besides  physical  entities.   Perhaps  they  can,  like  

Popper, accept a kind of semiplatonism, or a cultural realm, but not the 

independent existence of  meanings,  truth values, mathematical  objects 

such as cardinal  numbers, ordinal  numbers, sets, and the true and false 

formal  relationships  between  them.   In  fregean  terms,  almost  no 

philosopher of science is a “third realm” lover.  From a scientific point of  

view,  it  can even be  seen  as  a  posit  of  unnecessary  entities  (Ockam's 

Razor).  For example, like Mario Bunge, they even reject any third realm 

either  in  platonist  or  popperian  forms;  it  is  for  them  a  kind  of 

unnecessary medieval  concept.6  For many philosophers of science, the 

more  naturalistic  the  epistemology,  the  better!   As  many  other 

philosophers  and  theologians,  we  distinguish  between  methodological  

naturalism from philosophical naturalism.  Methodological naturalism is an 

essential  part  of  science.   If  a  hypothesis,  law,  or  theory  is  not 

naturalistic,  it  cannot  count  as  science.   Yet,  many  philosophers, 

especially some philosophers of science, go one step further and establish 

the  need  for  naturalizing  all  other  disciplines  including  logic and 

mathematics.   Quine was one of  those who attempted to do this.   So, 

apparently,  there  is  no  space for  platonism with  respect  to  natural 

science.

In this book, we will see that there is at least one sort of  platonism 

with which to understand science well and adequately.  In fact, it seems 

that  platonism is the only way to make epistemological  sense of the  a 

priori and its relationship with the a posteriori.  A naturalistic view of logic 
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and  mathematics is not satisfactory to understand the real relationship 

between formal science and natural science.

This book is intended to refute many antiplatonist claims that  logic 

and  mathematics can  both  be  changed  on  the  basis  of  a  recalcitrant 

sensory experience.  For that, it is necessary to refute Quine's claim that 

there can be no distinction between  analytic and  synthetic judgments. 

To  make  platonism a  viable  option  for  philosophers,  a  particular 

platonist  philosophy  of  mathematics will  be  adopted,  namely  that  of 

Edmund  Husserl.   His  views  on  mathematics have  been  neglected  by 

many  analytic philosophers.  His philosophy happens to be a platonist 

proposal  that provides  an adequate epistemology of  mathematics,  one 

which is actually very close to twenty-first century mathematics.  At the 

same  time, some of the most important objections to  platonism will be 

addressed.   Finally,  once  the  nature  of  formal  science and  its 

epistemology are understood, there will be a thorough refutation of two 

philosophical statements presented by Quine and Putnam, which will be 

called,  following  Jerrold  Katz,  the  “Quine-Putnam Theses”.   These 

refutations  will  provide  an  adequate  basis  to  understand  the  real 

relationship between science, logic, and mathematics.

Notes

1 Quine, 1953, p. viii.

2 Quine, 1953, p. 22.

3 Gillies, 1993, pp. 114-115.

4 Gillies, 1993, p. 115.
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5 Gillies, 1993, pp. 115-116.

6 Bunge, 1997, pp. 66, 76.





  1  

A QUINEAN  CHALLENGE

Willard  van  Orman  Quine is  perhaps  one  of  the  most  recognized 

philosophers in the twentieth century, who has left an enduring legacy 

with his  two famous essays  “On What  There Is” and “Two Dogmas of 

Empiricism”.   I  will  deal  with the latter,  which is  the  essay where he 

articulated  two  challenges  to  anyone  who  wishes  to  understand  the 

relationship between formal science and natural science.1

Quine's position is one of the most popular philosophical doctrines 

we  find  today  in  analytic philosophy.   He  saw  the  famous  analytic/ 

synthetic distinction to be one of the “dogmas” of empiricism, the other 

being the verifiability criterion of scientific theories.  For now, we will 

deal only with the former.

1.1  — A Brief  History of  Analyticity and Syntheticity

The analytic/synthetic distinction has its roots in both the rationalist 

and empiricist traditions in philosophy.  It was Locke who established 

what  could  be  described  as  the  “embryo”  of  this  distinction.   In  a 

confusing manner he argued that we should investigate the complexity 

of  our  ideas,  and  that  we  could  find  the  necessary  and  not  necessary 

connections between simpler ideas  which are  coexisting in  a complex 

idea or “subject”.2
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Gottfried Wilhelm  Leibniz was the first philosopher to make a very 

clear  distinction  between  similar  concepts.   In  his  famous  work,  The 

Monadology, he made a difference between two kinds of truths:

• Truths-of-Reason (vérités-de-raison):   These  are  truths  which  are 

absolutely  necessary,  and which cannot  be  negated without  falling 

into a contradiction.  In here we find logical and mathematical truths 

which can only be founded on reason alone without any empirical 

content.3

• Truths-of-Fact (vérités-de-fait):   These  truths  are  contingent,  and 

whose negation do not imply a contradiction.4

Even when this proposal was made by a renowned rationalist, David 

Hume embraced it to avoid the excesses of another rationalist called René 

Descartes.  Hume was deeply bothered by the Cartesian doubt, because, 

according to him, it is so extremely skeptic that it would not lead to find 

any truth whatsoever, not even Descartes' famous cogito.5  Yet, in an effort 

to moderate his skepticism to something more reasonable, Hume adopted 

the Cartesian method as his own,6 and  distinguished between two sorts of 

“objects of human reason” or “enquiry”:

• Relations-of-Ideas:   Hume defined them in epistemological terms as 

truths  which  can  be  discovered  through  deductive  a  priori reason 

alone .7

• Matters-of-Fact:  He defined them as those truths whose contrary is 

logically possible.8

Hume's  apparent  “extreme”  skepticism  only  extends  to  the  realm  of 

matters-of-fact, not to relations-of-ideas.
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Kant went  even  further  than  that,  he  identified  two  sorts  of 

judgments,  but  using  incompatible definitions  for  both.   The  following 

definitions  were  provided  by  Kant,  (A)  being  the  subject-predicate 

definitions, and (B) the logical definitions:

• Analytic:  (A) If the concept of the predicate is already included in the 

concept of  the  subject,  then  the  judgment is  analytic;  (B)  if  a 

judgment is based on the principles of identity and no-contradiction, 

then the judgment is analytic.

• Synthetic:  (A) If the  concept of the predicate is not included in the 

concept of  the  subject,  then  the  judgment is  synthetic;  (B)  if  a 

judgment is not based exclusively on the principles of identity and 

no-contradiction, then the judgment is analytic.9

Although Kant did not notice it at first, version (A) of these definitions is 

fundamentally  incompatible  with  version  (B).   His  conception  of 

mathematical  abstract  objects (constucted  via pure  intuition)  helps  us 

understand  this  fact,  and  also  why  he  considered  mathematical 

judgments to be singular (not universal) synthetic-a priori.  If we say that 

“7+5=12”, then such judgment would fall under the concept of analytic 

judgment as described in definition B of  analyticity.  Yet,  Kant decided 

that it is  synthetic because of definition A.  If  numbers are considered 

different  individual  constructed  objects,  then  there  is  nothing  in  the 

seven, the five, or the sum of both that contains the number twelve.  We 

can only reach that conclusion using pure intuition, with, perhaps, the 

use of our fingers or pebbles.10

We also have to consider the fact that, for Kant, the notion of a priori 

is also a problem, since it was conceived differently from the way this 
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term  was  used  by  Leibniz,  Hume,  and  many  other  philosophers.   For 

them, a priori means that a truth can be knowable through reason and not 

experience, so its validity resides on its logical necessity.  On the other 

hand, Kant uses the term a priori to mean that a judgment is not an object 

of  empirical  intuition,  but  the  necessity  relies  on  our  own  mental 

faculties.  This is why scientific laws and some metaphysical statements 

are  a priori for  Kant, because they express a universality and necessity 

provided  by  our  own  understanding,  yet  cannot  be  verified  by 

experience.11

Others  tried  to  challenge  Kant's  semantic  and  epistemological 

distinctions.   Some  of  the  most  psychologistic  tendencies  denied  the 

analytic/synthetic dichotomy  altogether.   Others,  rejected  Kant's 

definitions  themselves  as  being  confusing,  and  many  questioned  the 

existence of synthetic-a priori judgments.

Gottlob  Frege used  a  different  approach.   He  based  his  notion  of 

analyticity and syntheticity on version (B) of Kant's definitions.  We must 

remember that Frege engaged in a logicistic program, thus he wanted to 

prove that arithmetic could be derived from  logic,  and he adapted his 

notions of analyticity and syntheticity towards that goal.  He said:

If in carrying out this process, we come only on general logical 

laws and on definitions, the  truth is an  analytic one, bearing in 

mind that  we  must  take  account  also  of  all  propositions upon 

which admissibly of any of the definitions depends.  If, however, it 

is impossible to give the proof without making use of those truths 

which are not of general logical nature, but belong to the sphere 

of some special science, then the  proposition is a  synthetic one. 
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For a truth to be a posteriori, it must be impossible to construct a 

proof  of  it  without  including  an  appeal  to  facts,  i.e.  to  truths 

which cannot be proved and are not general, since they contain 

assertions about particular  objects.   But if,  on the contrary,  its 

proof  can be  derived exclusively  from general  laws,  which  are 

themselves neither need nor admit of proof, then the  truth is  a 

priori.12

For  Frege, logical and arithmetical  propositions are all  analytic-a priori, 

and, in his mind, this fact points to the reducibility of arithmetic to logic. 

Geometry, on the other hand, would remain synthetic-a priori.

Perhaps one of the least known of the analytic/synthetic distinctions 

is the one Edmund Husserl established.  He did not base it on Kant's, but 

was  inspired  by  Bernard  Bolzano,  who  was  a  relatively  unknown 

philosopher and mathematician at the time.   In the second volume of 

Logical  Investigations,  in  the  Third  Investigation,  Husserl made  some 

semantic distinctions to develop his mereological doctrine.  For example, 

there are  concepts and  propositions which are completely free from all 

“matter that contains the thing” (or free from all sensible content), and 

those which are not free from them.  He introduced the notion of logical  

categories which  include  concepts  like:   “something”,  “one”,  “object”, 

“property”, “relation”, “plurality”, “number”, “order”, “whole”, “parts”, 

“magnitude”,  and  so  on.   These  logical  categories  are  qualitatively 

different from material concepts such as “tree”, “house”, “color”, “sound”, 

“space”, “sensation”, and “feeling”, which have empirical content about 

objects which can be perceived or imagined sensibly.13
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For  Husserl,  analytic propositions are  those  which  express  truth 

exclusively  in  virtue  of  a  propositional  form,  devoid  of  all  material  

concepts.   Husserl further  identified  the  difference  between  “analytic 

laws” and “analytic necessity”:14

• Analytic laws are those propositions which only contain logical forms 

and express  both necessity  and universality  without  including any 

sort of material or empirical concept.

• Analytically necessary propositions are those which are necessary in 

virtue  of  their  form,  but  they  are  considered  as  more  specific 

instances of  analytic laws.   We can replace all  of their material  or 

empirical components with variables, and the result is the expression 

of analytic laws.15

Husserl gave an example of both:

It is,  e.g.,  an  analytic proposition that  the existence of  this  house  

includes that of its roof, its walls and its other parts.  For the analytic 

formula  holds  that  the  existence  of  the  whole  W(A,  B,  C .  .  .) 

generally includes that of its parts A, B, C . . .  This law contains no 

meaning which gives expression to material Genus and Species. 

The assertion of individual existence, implied by the  this of our 

illustration, is seen to fall away by our passage into the pure law. 

This is an  analytic law:  it is built up exclusively out of formal-

logical categories and categorial forms.16

Husserl distinguished  analytic law  and  analytic necessity  from 

synthetic-a priori law and synthetic-a priori necessity.  If a  proposition is 

necessary, but not formalizable  salva veritate, it is  synthetic-a priori.  Its 

laws are founded on material concepts or essences.  Synthetic necessities 
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are particularizations of synthetic laws, such as the one expressed in the 

proposition “this  red is  different from this  green”.17  Propositions like 

“anything colored must be extended” are necessary, but are  synthetic, 

because no direct analytic correlatives are established such as in the case 

“There are no fathers without children”.  Here, the concepts of “father” 

and  “child”  are  analytically  founded  on  each  other,  and  the  analytic 

necessity of that proposition relies in its forms (the way they are formally 

related).  On the other hand, in the case of color, we are not appealing to 

a direct correlative.  It is true that color cannot exist without a colored 

extension,  but  the  existence  of  such  an  extension  is  not  founded 

analytically on the concept of color.18

Husserl would  establish  that  any  geometry  based  on  material 

categories (such as spatial form, geometrical congruence, among others) 

as a  synthetic-a priori discipline.19  Later, for him, his phenomenological 

method would also become, in his view, a synthetic-a priori field, since it 

deals with material essences.

Finally,  we  should  point  out  that  Husserl also  made  a  distinction 

between  relations-of-ideas and  matters-of-fact.   For  him,  all  of  those 

judgments which are known a priori without any reference to experience 

belong to the realm of  relations-of-ideas.  In this  sense,  analytic-a priori 

and synthetic-a priori propositions are relations-of-ideas.  All synthetic-a 

posteriori  propositions,  some of  which  natural  science  formulates,  are 

matters-of-fact.20  

In the case of logical empiricism, we have a variety of proposals.  For 

instance,  the  Vienna  Circle  and  the  Berlin  School  suggested  a 

constructivist  approach,  where  logical  and  mathematical  laws,  among 
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other conventions establish a basis for observational propositions.  As its 

research crumbled,  the  logical  empiricist  view fell  away,  and thinkers 

began to look for new ways to define analyticity, even, in some cases, to 

the point of returning to the Liebnizian-Humean distinction.21  Carnap 

suggested, in his works, the criterion of synonymy as a way to distinguish 

between  analytic and  synthetic,  and  this  is  the  object of  Quine's  own 

criticisms.

1.2  — The Dogma of  “Two Dogmas of  Empiricism”

Quine identified two kinds of definitions of analyticity in philosophy. 

There are those who define it in terms of propositions which are logically  

true, like:  “No unmarried man is married”, and there are also those who 

define it in virtue of meanings (as Carnap suggested), such as “No bachelor 

is married”.  In the latter case, there is a synonymy of terms:  we can  

replace  “bachelor”  with  “unmarried  man”.   In  this  way,  any  analytic 

statement built  on these  notions  would be  a  sort  of  “second class”  of 

analytic statements.  Quine argued that this can only serve to reconstruct 

logical truth, but not analyticity as such.22

The definition on analyticity on the basis of synonymy of meanings is 

doomed to failure, said Quine.  It can be argued that there are judgments 

which are analytic in virtue of their definitions, for example, “bachelor” is 

defined as “unmarried man”.  However, the way that the word “bachelor” 

is  defined  depends  greatly  on  every-day  linguistic  usage.   Another 

apparent criterion for analyticity is the interchangeability of terms salva 

veritate, as Leibniz suggested.  Let us see this case:

“Bachelor has less than ten letters.”
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In  this  sentence,  the  word  “bachelor”  cannot  be  substituted  with 

“unmarried man”.   Cases  like “bachelor of  the  arts” are also counter-

instances of interchangeability of terms.  In the former case, we could say 

that what we mean by “bachelor” is the word, not the bachelor himself,  

while in the latter the word “bachelor” means something clearly different 

from “unmarried man”.

As a result,  we must take into account the  cognitive synonymy.  To 

claim that “bachelor” and “unmarried man” are synonymous means that 

the proposition “All and only bachelors are unmarried men” is  analytic. 

This is to say that “Necessarily all and only bachelors are unmarried men.” 

Let  us  carry  out  the  substitution  and  say:   “Necessarily  all  and  only 

bachelors  are  bachelors.”   In  both  propositions,  even  though  they 

interchanged  terms  “bachelor”  and  “unmarried  men,”  the  cognitive 

information they offer is different.23

We could try saving the argument by appealing to extensions.  For 

example,  two terms are interchangeable  salva veritate if  they have the 

same extension.   However, extensions that fall  under  concepts depend 

greatly  on  accidental  matters-of-fact.   For  example,  the  concepts  of 

“creature  with  heart”  and  “creature  with  kidneys”  have  the  same 

extension (presumably), but they are not interchangeable salva veritate.  It 

seems that the only way to assert the synonymy is by supposing that the 

identification of the terms “bachelor” and “unmarried man” is  analytic. 

Hence,  we  see,  not  only  a  circularity,  but  a  “closed  curve  in  space”, 

because all  of  these  concepts identified with  analyticity seem to imply 

each other in a circular manner.24  It can be expressed simply in this way:
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In order for us to distinguish between  analytic and  synthetic we must  

appeal  to  synonymy.   At  the  same  time,  we  should  also  understand  

synonymy as  related  to  interchangeability  salva veritate.   However,  

such a condition to understand synonymy is not enough, so we not only  

argue that the terms should be interchangeable, but necessarily so.  And  

to  explain  this  logical  necessity  we  must  appeal  to  analyticity once 

again.25

It could be that the failure to establish the interchangeability  salva  

veritate is  due to the vagueness of language.  We could use, instead, as 

Carnap certainly tried, an artificial language to avoid such vagueness, and 

establish semantic rules to make a distinction between some propositions 

and others.  Then, we have to explain why there are semantic rules which 

make a difference between analytic and synthetic propositions, and how 

they  are  different  from  semantic  rules.   The  answer  is  its  adoption 

because they can pick up analytic propositions and distinguish them from 

synthetic ones.  Once again, we find another circular reasoning.26

From  this  analysis,  Quine presented  this  analytic/synthetic 

distinction as a kind of article of faith held by logical empiricists.  For 

him,  propositions which  are  logically  true  (“No  unmarried  man  is 

married”), and those of science and experience are all posits, no different 

epistemologically  from  the  Greek  gods  of  antiquity  which  were  also 

posited to explain that what people perceived at that  time.  For  Quine, 

mathematics and  logic are  qualitatively  no  different  from  empirical 

statements, or scientific laws, and can be revised in light of recalcitrant 

experience.  Therefore, the difference between posits of formal laws and 

posits of science is only of degree of abstraction and not in kind, which 
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means  that  there  can  be  no  analytic/synthetic distinction  between 

propositions.27

Thus, it seemed that the matter was settled, not only in Quine's mind, 

but in other philosophers' as well.

1.3  — Quine 's  Mistake

First of all, we realize immediately that Quine directed his criticisms 

towards  Rudolf  Carnap's  way  of  making  the  analytic/synthetic 

distinction.  For the late  Carnap, we must focus on meaning, especially 

through cognitive synonymy, which determines which  propositions are 

analytic or  synthetic.   Many  readers  of  “Two  Dogmas  of  Empiricism” 

suppose  that  if  Quine refuted  Carnap's  concept of  analyticity,  then  it 

necessarily  means that  there  are  no  qualitative  differences  among 

judgments.

Yet, the essay completely ignores both  Frege's and  Husserl's way of 

making the proper distinctions among judgments.  Even in  Kant's case, 

none of the definitions are based on synonymy.  To worsen the problem, 

moved by this essay, many philosophers have closed the doors to many 

other possible ways to establish legitimately these distinctions as some 

others have made.  For instance, inspired by Husserl's proposal, a model-

theoretical definition for the distinction has been suggested recently by 

Guillermo E. Rosado Haddock:

• A statement S is analytic if it satisfies the following two conditions:

 (i) it is true in at least one structure,

(ii)  if  it  is  true in a structure  M,  then it  is  true is  at  least any 

structure M* isomorphic to M.
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• A statement S is synthetic-a priori if:

 (i) it is true in at least one physical world,

(ii) if true in a physical world W, it is true in any possible physical 

world.28

These definitions are essentially unaffected by Quine's criticisms.  Many 

other  thinkers  can  potentially  establish  other  criteria  to  make  this 

distinction in the future.

In  essence,  Quine's  mistake  in  his  analysis  (and  those  of  his 

supporters) was that of a  non-sequitur.   The fact that  Carnap could not 

make an effective  analytic/synthetic distinction, does not mean that it 

cannot  be  made.   After  all,  as  much  as  Quine wanted  to  make  this 

dichotomy an arbitrary dogma of faith, there is a qualitative difference 

between both sorts of propositions, and they can be legitimate in principle, 

but also from a pragmatic standpoint.  Let us assume, for the sake of the 

argument  that  analytic propositions are  posits  like  scientific  theories, 

which  are  presumably  synthetic.   However,  Quine was  one  of  those 

philosophers who refused to believe that logical laws and mathematical 

propositions are abstracted from experience.  Posits about the world are 

not abstracted from experience either, they only serve to account for the 

raw “sense-data” we receive from our bodily senses.  Nothing prevents 

anyone from making a difference among posits,  just as we can make a 

difference between imaginary objects we cannot represent mentally (the 

round square or Hegel's universal spirit), and  objects we can represent 

mentally  (a  table,  a  unicorn,  and  Pegasus).   Some of  these  objects do 

actually exist in the physical world, while others do not (or at least no 

one has a good reason to believe they exist, especially when they have no 
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scientific  use).   This  is  not  merely  artificial,  this  difference  can  be 

established very clearly, and sometimes, in the realm of psychology and 

cognitive science, discussions about these distinctions are illuminating.

We can say the same concerning posits that have one characteristic, 

and posits which have other ones.  For example, we can follow  Husserl 

and identify posits like these as true in virtue of their form:

((∀x)(F(x)G(x))∧(∀x)(G(x)H(x)))((∀x)(F(x)H(x)))

x2− y 2=( x+ y)(x−y)

These have nothing to do with material  objects or  concepts.  They only 

express formal truths, whose variables can represent any proposition in 

the first case, or, any number in the second.  The way they are shown to 

be  true  according  to  logical  rules  and  mathematical  axioms  does  not 

depend on empirical objects or temporal events.

These  logical  and  mathematical  statements  differ  from  scientific 

propositions like

F g=G
m1m2

d2

which is a newtonian formula to find the gravitational force between two 

masses.  The variables  Fg,  G,  m,  d represent material  concepts which can 

only be applied to the phenomenal or temporal  world.   These are not 

pure  formal  relations  like  our  previous  logical  and  mathematical 

formulas.   Why  can't  this  be  taken  into  account  when  establishing 

legitimate  criteria  to  distinguish  between  analytic and  synthetic? 

However,  the  undisputed fact  is  that,  in  principle,  a  difference  can be 

made legitimately, and, furthermore, it is scientifically acceptable to do 

so.
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Why should we close the door on a legitimate line of philosophical 

research based on a non-sequitur?
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  2  

The Nature of Formal Science

This chapter will show, not only that the proper way to understand 

formal science (logic and mathematics) is through a platonist conception 

of  meanings and  mathematical  objects,  but  it  will  emphasize  the 

importance of the often neglected husserlian platonism.

2.1  — Husserl 's  Platonist  Proposal

Usually Edmund Husserl and platonism are not thought of together, 

yet he was a platonist and he integrated  platonism to  phenomenology. 

Only  recently  we  have  rediscovered  Husserl's  influence  on  analytic 

philosophy, especially regarding his philosophy of language,  logic,  and 

mathematics,  and  his  influence  over  eminent  figures  in  logical 

empiricism such as Rudolf  Carnap.1  Some authors have reexamined his 

philosophy  of  logic and  mathematics in  order  to  solve  contemporary 

problems in these fields.2  In this chapter, I am not going to say anything 

about Husserl's philosophy that is not already known, but we should look 

at its relatively unknown aspects.

In 1890, when Husserl began his journey away from psychologism, he 

was heavily influenced by G. W. von Leibniz, Bernard Bolzano, Hermann 

Lotze, and David Hume.3  He realized that meanings (logical contents) and 

mathematical  objects were  clearly  different  from  entities  and  events 
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which are subject to temporality.   It  is  difficult  to base necessary and 

universal  validity  of  logical  and  mathematical  truths  on  temporal 

psychological acts or material abstractions from experience.4  One thing 

is  the  temporal  act of  recognizing  a  truth as  true,  and  another  the 

objective validity of truth itself; the act of counting and the number itself; the 

act of collecting, and the collection (set) itself.  Hence, we recognize, on the 

one  hand,  the  temporal psychological  acts  and events  in  the temporal 

world,  and  on  the  other  the  atemporal meanings and  abstract 

mathematical  entities.   Husserl established  the  essential  distinction 

between two spheres:   the  real  (reell)  and the  ideal (ideel).5  This  is  a 

difference which he retained in his  philosophy his  entire life,  even in 

phenomenology.

He  rejected  a  certain  form  of  platonism he  called  “metaphysical 

hypostatization”, which consists of considering the existence of abstract 

entities as temporal objects (reellen) outside of thought (i.e. objects of the 

external physical world).6

. . .  what is 'in' consciousness counts as real [reell] just as much as 

what is 'outside' of it.  What is real is the individual with all its  

constituents:  it is something here and now.  For us temporality is  

sufficient mark of reality.  Real being and temporal being may not 

be identical notions, but they coincide in extension. . . .  Should 

we wish, however, to keep all  metaphysics out,  we may simply 

define 'reality'  in  terms of  temporality.   For the only  point  of 

importance to oppose it to the timeless 'being' of the ideal.7

Ideal objects . . . exist genuinely.  Evidently there is not merely a 

good sense in speaking of such objects (e.g. of the number 2, the 
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quality  of  redness,  of  the  principle  of  [non-]contradiction etc.) 

and in conceiving them as predicates:  we also have insight into 

certain categorial truths that relate to such ideal objects.  If these  

truths hold, everything presupposed as an object by their holding must  

have being.  If I see the  truth that 4 is an even number, that the 

predicate of my assertion actually pertains to the ideal number 4, 

then this object cannot be a mere fiction, a mere façon de parler, a 

mere nothing in reality.8

In other words,  ideality  does exist for  Husserl.   The fact that he was a 

platonist cannot be questioned.

Inspired by Leibniz, Husserl held an idea of mathesis universalis, where 

pure  logic and  mathematics come together to form the most universal 

mathematics of all, a theory of manifolds in the broadest sense possible. 

To understand this, we should examine the way Husserl conceived both 

formal  disciplines,  especially  in  his  official  position  which  appears  in 

Chapter 11 of Logical Investigations' first volume.9

2.2  — Husserl 's  Theory of  Sense and Referent

Gottlob  Frege's  theory  of  sense and  referent is  widely  known  in 

analytic philosophy.  What is less known is  Husserl's own contributions 

to semantics, especially his similarities and differences with Frege's.

Contrary to popular opinion, Husserl did not learn the distinction of 

sense and referent from Frege, both of them arrived to it separately, and 

almost  simultaneously  in  1890.10  However,  Husserl rejected  Frege's 

terminology on purpose, because  Frege had an unusual use for certain 

words.   For  example,  Husserl criticized  Frege's  use  of  the  word 
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“Bedeutung” to denote “referent” when it usually stands for “meaning”.11 

Husserl rightfully preferred the word “Bedeutung” to stand for meaning, 

while  he  used  the  term  “Gegestand”  (object)  or  “Gegeständlichkeit” 

(objectuality) to denote the referent.

Let us explore his semantic doctrine, and how it became the basis for 

his understanding of mathematics and its relationship with pure logic.

2.2.1 — Meaning and Object  of  Proper Names

Analytic philosophers are familiar with  Frege's way of dealing with 

the issue. In a proposition such as “a=b”, “a” and “b” represent proper 

names which can give us cognitive information about an object.   They 

can be thought as “definite descriptions” or “denoting phrases” which 

provide  us  with  two  different  ways  of  referring  to  the  same  object.  

Thanks to their difference in sense (or meaning), this proposition tells us 

something new about the object both names refer to.  For example, “the 

morning star” and “the evening star” are  proper names which express 

two different senses that denote the same  object,  thus have the same 

referent:  planet Venus.12  In this aspect,  Husserl's view of meaning and 

object of proper names was not much different from Frege's.  He gave the 

examples of “the victor in Jena” and “the vanquished in Waterloo”, and 

“the equilateral triangle” and “the equiangular triangle”.13  Each pair of 

definite  descriptions  or  proper names express  two different  meanings 

and designate the same objects:  Napoleon in the case of the former, and 

the same triangle in the case of the latter.

What about strict  proper names (Martin Luther King, Aristotle, Lisa 

DeBenedictis)?  For Husserl, a strict proper name just means “this person 
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with  these  specific  determinations”:   the  Martin  Luther  King  who 

marched, was a baptist minister, who went to jail, and was assassinated.14

2.2.2 — Meaning and Object  of  Universal  Names

What  for  Frege was  “concept-words”,  for  Husserl was  “universal 

names”.  In this aspect,  Frege was correct when, in 1891, he noted his 

discrepancy with Husserl:

Husserl's View on 
Concept-Words

Frege's View on 
Concept-Words

Universal Name Concept-Word

Sense of Concept-Word
(sense)

Sense of Concept-Word
(sense)

Extension of the 
Concept

(referent)

Concept
(referent)

Extension of the 
Concept

ILLUSTRATION 1

As it can be seen here, for  Frege, there is one more step between his 

concept-words to extensions of concepts.  He made concepts the referent 

of a concept-words, because they are functions of one argument.15

Husserl's views were different.  For him, a  universal name has  one 

sense or meaning, and many referents or objects.  So, for him, the concept 

is  not  the  object of  a  universal  name, but  its  meaning or  sense.   The 

referent of a universal name is the extension of the concept, or all of the 

objects that fall under the concept.16
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2.2.3 — Propositions  and Objectualities

A  semantic  aspect  where  Frege and  Husserl are  in  almost  full 

disagreement  is  the  sense and  referent of  assertive  or  declarative 

sentences.

For Frege, a proper name and the concept-word make up an assertive 

sentence.  In the same way, the sense of an assertive sentence, which he 

called a “thought” (Gedanke), is made up of the sense of the proper name 

and the sense of the  concept-word.  Its  referent is a  truth value:  if an 

object referred to by a proper name falls under the concept denoted by 

the  concept-word,  the  thought  expressed  by  the  sentence  is  true, 

otherwise  it  would  be  false.   If  the  proper  name  has  sense,  but  no 

referent, the assertive sentence does not have a truth value.17

Husserl's  views are remarkably different.   For him,  the  sense of  a 

declarative sentence is a proposition or a judgment, which, depending on 

which of Frege's essays is considered, is similar to a fregean “thought”.18 

However,  Husserl's  conception of  proposition or  judgment had nothing 

to do with Frege's belief that it was the result of the addition of the sense 

of the  proper name with the  sense of the  concept-word.  For him, the 

meanings of proper and universal names must be  formally arranged in a 

specific manner so that a proposition or judgment can be expressed.  For 

example, subject-predicate forms, forms of plural, forms of conjunction, 

disjunction, and so on, are the formal components which arrange these 

meanings in terms of grammatical and deductive relations.  These forms 

are called, by Husserl, “meaning categories”.

Regarding  the  referent of  assertive  sentences,  Husserl's  semantic 

doctrine is more complex.  Let us see it in detail.  A proposition expressed 
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by an  assertive sentence does not  refer to  a  truth value,  but  to  what 

Husserl calls “state-of-affairs” (Sachverhalt).  In fact, from a phenomeno-

logical  standpoint,  not  just  semantic,  states-of-affairs are  what  is 

primordially given to our ego.   This  means that what  we are  actually 

given  are  not  what  phenomenalists  called  “sense-data”  (moments  of 

colors, sounds, and so on), not even isolated objects, but objects given in 

a certain formal arrangement.  I do not see just a glass of water, but a glass 

of water on the table, just at the right side of my laptop; I see a monitor in  

front of me, a book inside the bag, and so on.

As  we  can  see,  states-of-affairs have  their  matter  and  form.   The 

matter  consists  of  sensible  objects such  as  monitors,  laptops,  books, 

chairs, and tables.  These material components make up the “situation-of-

affairs” (Sachlage) as  Husserl called them.  The  formal components of a 

state-of-affairs consist of formal structures which arrange these sensible 

objects in  a  specific  way.   These  formal  structures  are  called “formal-

objectual  categories”,  or  “formal-ontological  categories”.   We  could  para-

phrase  Wittgenstein and  say  that,  for  Husserl,  the  world  is  not  the 

totality  of  things,  but  of  states-of-affairs or,  as  he  also  called  them, 

“objectualities”.19

It is important to stress the semantic distinction between “state-of-

affairs”  and  “situation-of-affairs”.   For  example,  if  we  have  two 

statements, such as “Mary is taller than John” or “John is shorter than 

Mary”, both of these sentences express two different propositions, which 

refer to  two different states-of-affairs, but having the same  situation-of-

affairs as  referential  basis,  i.e.  they share the sensible components on 

which states-of-affairs are constituted.  A situation-of-affairs is a passive 

basis  on  which  formal-ontological  categories are  constituted  in  an 
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objectual  act.   If  we  have  sensible  objects a and  b,  the  propositions

“a < b” and “b > a” would refer to two states-of-affairs, but based on the 

same  situation-of-affairs.   The  only  thing  that  changes  between  both 

propositions is the way the objects themselves are related objectively and 

objectually by different categorial forms.20

For  Husserl,  truth is not an  object (as  Frege used to believe), nor is 

the  referent of  any  proposition.   For  him,  it  is  a  relation between  a 

proposition and a state-of-affairs.  If a proposition or judgment is fulfilled 

by a state-of-affairs, it is true, and false if it is not.

In  this  aspect  of  Husserl's  semantic  doctrine,  we  cannot  avoid 

noticing the great difference between his and Frege's notion of sense and 

referent of assertive sentences.

2.2.4 — Summing Up Husserl 's  Doctrine of Sense and 
Referent

We sum up Husserl's  theory of meaning and  objectuality (or  sense 

and referent) the following way:

• A proper name expresses a sense or meaning, and has one object as its 

referent.

• A  universal name expresses a  concept, which  Husserl conceived as its 

meaning, while the referent is the extension of the concept.

• An  assertive  sentence expresses  a  proposition,  its  meaning,  while  its 

referent is an objectuality or a state-of-affairs, which has a situation-of-

affairs as its referential basis.  The truth of a proposition depends on 

whether it is actually fulfilled by a state-of-affairs.
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Proper
Name

Universal 
Name

Assertive 
Sentence

Sense
(Meaning)

Sense of Proper 
Name Concept Proposition

Referent Object
Extension of 
the Concept

State-of-Affairs
(Objectuality)

Referential  
Basis

Situation-of-
Affairs

Truth Value

2.3  — Science,  Logic ,  and Mathematics

If the truth value of a proposition is determined its correlation with 

a  state-of-affairs,  then  that  means  that  truth-in-itself is  necessarily 

correlated with being-in-itself.  Ideally speaking, when a proposition tells 

us the truth, it is because it is telling us what is.21

In a  time when Pierre  Duhem had recently recognized the fact that 

physical  hypotheses  could  never  be  considered  in  isolation,  Husserl 

already  had  the  idea  of  science  as  an  enterprise  whose  propositions 

(theories,  laws,  and  hypotheses)  made  up  a  logical  and  deductive 

network.22  For  Husserl,  the  unity  of  science  can  be  conceived  as  an 

anthropological  enterprise,  which  means  that  it  is  the  result  of  the 

temporal,  real  (reell),  but  to  some  extent  coordinated  and  unitary, 

activity of humanity, which, in the end, is nothing more than the unity of 
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our  mental  acts  of  consciousness.   The unity  of  this  active  enterprise 

makes possible the constitution of an ideal (ideel) unity of science.23

Husserl clarified that we can understand this unity in two different 

ways in addition to the sense of unity of anthropological activity:

1. The interconnection of  objects which our mental acts constitute (as we 

shall see in the next chapter).  This interconnection is objective and 

objectual,  which means that it is  made up of a specific network of 

states-of-affairs, which is defined by the field in question.

2. The  interconnection  of  truths,  which  is  a  logical  and  deductive 

interconnection  of  propositions which  are  fulfilled  by  the 

interconnection of objects.24

We can see, then, that truth and being are necessarily correlated, but we 

cannot  turn  this  correlation  into  an  identity.   Truth and  being  are 

essentially distinct from each other, but they always appear together in a 

truth relation.

If we formalize all of these interconnections of  objects (network of 

states-of-affairs) and all of these interconnections of truths (network of 

true  propositions)  by  emptying  them  from  all  material  components 

(material  concepts),  then we are left with two different but correlated 

sorts of formal unities:  on the side of the objects, we obtain an objectual 

unity,  and on the side of propositions a unity of  truth.  These unities 

follow  their  own  respective  a  priori laws,  which  provide  the  a  priori 

foundations for every possible science.  In this sense the nomic relations 

between  meaning  categories  are  correlated  by  the  nomic  relations 

between formal-objectual  categories.   In this  case,  two fundamental  a 

priori fields are discovered:
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• Mathematics, which is revealed as a  formal theory of object or  formal  

ontology,  a field  which  explores  the  ideal unity  of  objects and 

objectualities, and their a priori laws.

• Logic,  which  is  essentially  a  formal  theory  of  judgment or  formal  

apophantics,  a  field  which explores  the  a  priori unity  of  truths  and 

their laws.

If there is any evidence at all that Frege had next to no role in changing 

Husserl's  mind from  psychologism to  platonism,  Husserl's  view on the 

relationship between logic and mathematics should be it.  Frege adopted 

a  form of  logicism,  in  which arithmetic  is  regarded as  derivable  from 

formal  logic.  Yet, for  Husserl,  mathematics and  logic are two separate 

fields, none which can be derived from the other.  He expressed sympathy 

for  logicism,  especially  the  one  favored  by  Hermann  Lotze,  Frege's 

master.  However, for Husserl, mathematics is not logic's “daughter”, but 

rather logic's “sister” discipline, it is pure logic's ontological correlate.25

Still,  even  when  mathematics and  logic should  be  distinguished, 

Husserl was  a  Leibnizian  when  it  came  to  conceiving  both  of  these 

disciplines  together  as  a  mathesis  universalis.26  Inspired  by  Leibniz, 

Bolzano, and to some extent Lotze,  Husserl formulated a theory of how 

these disciplines come together to form the most universal mathematics 

of  all.   For  him,  pure logic,  along  formal  mathematics,  is  nothing  but 

mathesis universalis.  Inspired by Bernard Riemann, he would even say that 

it is a theory of manifolds in the broadest sense.27

Given  the  nature  of  logic  as  an  a  priori condition  for  truth,  and 

mathematics as formal ontology, or as an  a priori precondition for any 
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object  or  state-of-affairs  whatsoever,  pure  logic  must  deal  with  three 

specific groups of problems.

2.3.1 — Logic's and Mathematics '  First Group of Problems

There  is  a  sphere  of  logic which  deals  with  its  primordial 

components, the  meaning categories.   These  meaning categories make  a 

priori interconnections of concepts and truths possible, hence, giving any 

science a deductive unity.

First,  we  take  out  all  material  components  from  propositions and 

substitute them with indeterminates (variables), and we will be able to 

discover  these  elementary  forms  of  deductive  combinations.   These 

meaning categories include:  the copulative, disjunctive and hypothetical 

combinations  of  propositions to form new  propositions.   So,  what  we 

today  call  “logical  connectives”  would  form  part  of  these  meaning 

categories,  such  as  conjunction,  disjunction,  implication,  and 

equivalence.

Yet,  meaning categories do not  end there.   They include forms of 

combinations between  concepts themselves so that a  proposition or a 

meaning is expressed.  This means that these categories include subject-

predicate forms, forms of copulative or disjunctive combinations, forms 

of plural, and so on.28  In other words, we are talking about a morphology  

of meanings, or a pure universal grammar.  The ideal laws that govern this 

logical sphere are called by Husserl “laws to prevent non-sense”, and they 

correspond to  what  we call  today  “formation  rules”.29  In  this  logical 

stratum, through “laws of complication”, we can construct an infinity of 

possible forms of meaningful propositions and judgments.  For example, 
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in the case of subject-predicate forms, if we formulate the proposition “S 

is p”, we can also use this proposition to form another proposition “S(p) is 

q”, and at the same time we could use this judgment to form a new one

“S(p,q) is r”, and we could continue indefinitely.30

This logical sphere of  morphology of  meanings is correlated with a 

similar sphere in mathematics, in this case a morphology of intuitions or a 

morphology  of  formal-ontological  categories.   This  sphere  includes  all  the 

laws  of  adequate  meaning  fulfillment  in  objectualities or  states-of-

affairs.31  We  are  given  formal-ontological  categories in  their  purity, 

which  include  the  concepts  of  object,  state-of-affairs,  unity,  plurality, 

cardinal number, ordinal number, sets, part and whole, and so on.32

2.3.2 — Logic's and Mathematics '  Second Group of  

Problems

Pure logic has another sphere of tasks which deal with the objective 

validity  of  the  logical-deductive  relations  among  propositions 

themselves.   Husserl called  this  sphere  “logic of  consequence”,  which 

establishes  the  forms  of  deductions  or  theories  of  inference  for  the 

preservation of truth.  The laws which rule this realm are called “laws to  

prevent counter-sense” (or laws to prevent contradiction), we know them 

today as “transformation rules”.33

Distinct  from  the  logic of  consequence,  we  find  the  logic of  truth, 

where  the  concepts  of  truth,  falsity,  and  similar  concepts  are  being 

considered.   Any  deductive  relationship  between  judgments  can  be 

turned into a deductive interconnection of truths when these judgments 

are  fulfilled  by  states-of-affairs.   While  the  logic of  consequence is 
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syntactic,  the  logic of  truth is  semantic.   If  these  propositions or 

judgments are formally contradictory, this  a priori excludes them from 

being true.34

Logic's second stratum has its mathematical correlate, which deals 

with  the  being  and  non-being  of  “objects in  general”  and  “states-of-

affairs in  general”.   Each  theory  in  this  level  is  founded  on  formal-

ontological categories found in the previous stratum.  We consider many 

sorts  of  theories  of  plurality  founded  on  the  category  of  plurality,  a 

theory of cardinal number founded on the category of cardinal number, 

set theory  founded  on  the  category  of  sets,  and  so  forth.35  Each 

mathematical theory will have its own  a priori rules applied to each of 

these  categories  they  are  founded  on.   Husserl held  the  ideal 

completeness of these categorial theories on  ideal grounds for any true 

and  valid  judgment as  well  as  any  valid  or  true  combination  or 

arrangement of  objects in any way.  It makes possible a science of the 

conditions of possibility of any theory in general.36

2.3.3  —  Logic's  and  Mathematics '  Third  Group  of  

Problems

The  discovery  of  a  morphology  of  meanings and  the  forms  of 

inference among propositions point to a still higher logical level, which 

deals  a  priori with  all  essential  forms  or  sorts  of  theories  and  their 

corresponding laws.  In other words, it points to a  theory of all possible  

forms of theories or a theory of deductive systems.  According to Husserl, the 

second  stratum  provides  the  basic  deductive  relations  among 

propositions,  and  the  upper  sub-statum  (logic of  truth)  includes  the 
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concept of  truth and related concepts in  logic.  However, in this logical 

third  stratum,  the  logician  is  free  to  explore  all  possible  theories  of 

logical  relations  and  formulate  a  priori rules  about  them.   If  truth is 

preserved, these possible forms of logical theories in general can serve as 

a priori basis for any science whatsoever.37

This logical level is correlated with what Husserl, inspired by Bernard 

Riemann, called a “theory of manifolds”, which he described as a “supreme 

flower  of  modern  mathematics”.38  This  theory  of  manifolds is  a  free 

investigation  where  a  mathematician  can  posit  several  mathematical 

concepts, assign several  meanings to several symbols, and deduce all of 

their  possible  deductions  in  a  general  and  indeterminate  manner. 

Through  the  posit  of  several  indeterminate  objects as  well  as  any 

combination of mathematical axioms, mathematicians can explore the a 

priori interconnections  between  them,  just  as  long  as  consistency  is 

preserved.39

Both, the theories of all possible forms of theories (pure  logic) and 

the theory of manifolds (mathematics in its highest expression) together 

form the mathesis universalis, which is the most universal mathematics of 

all.   He  gave  an  example  of  the  partial  realizations  of  this  mathesis  

universalis or theory of manifolds:

When I spoke above of theories of manifolds which arose out of 

generalizations of geometric theory, I was of course referring to 

the  theory  of  n-dimensional  manifolds,  whether  euclidean and 

non-euclidean, to Grassmann's theory of extensions, and, among 

others, to the related theories of W. Rowan Hamilton, which can 

be  readily  purged  of  anything  geometric.   Lie's  theory  of 
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transformation-groups  and  G.  Cantor's  investigations  into 

numbers and manifolds also belong here.40

The  philosopher  Guillermo  E.  Rosado Haddock,  who  has  studied  this 

aspect  of  Husserl's  philosophy  over  the  years,  also  points  out  that 

Husserl's  view of  mathesis  universalis is  amazingly  very  contemporary. 

General  topology,  universal  algebra,  category  theory  and  other 

mathematical disciplines can be seen as “important partial realizations of 

Husserl's view of  mathematics as ultimately the theory of all  forms of 

possible multiplicities or, to use a more frequent term nowadays, forms 

of possible structures”.41  Unlike Husserl, today we know that due to the 

fact  that  mathematics  itself  is  incomplete,  as  Gödel  showed  with  his 

famous incompleteness  theorems,  all  contemporary or future  fields in 

mathematics  will  always  remain  partial  realizations  of  Husserl's 

conception of theory of manifolds or mathesis universalis.
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  3  

REPLY  TO USUAL OBJECTIONS

AGAINST  PLATONISM

There are many philosophers who share Michael Dummett's feelings 

about mathematical platonism:

If  mathematics is not about some particular realm of empirical 

reality,  what, then  is it  about?  Some have wished to maintain 

that it is indeed a science like any other, or rather, differing from 

others only in that its subject-matter is super-empirical realm of 

abstract  entities,  to  which  we  have  access  by  means  of  an 

intellectual  faculty  of  intuition  analogous  to  those  sensory 

faculties  by  means  of  which  we  are  aware  of  physical  realm. 

Whereas  the  empiricist  view  tied  mathematics too  closely  to 

certain  of  its  applications,  this  view  generally  labeled 

“platonists,”  separates  it  too  widely  from  them:   it  leaves 

unintelligible how the denizens of this atemporal, supra-sensible 

realm  could  have  any  connection  with,  or  bearing  upon, 

conditions in the temporal, sensible realm that we inhabit.

Like the empiricist view, the platonist one fails to do justice 

to the role of proof of mathematics.  For presumably, the supra-

sensible realm is as much God's creation as is the sensible one; if 

so, conditions in it must be as contingent as the latter.1
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In this passage we find three objections to platonism in general.  The 

first  one  is  of  epistemological  nature,  if  abstract  objects cannot  be 

perceived sensibly or have any causal relationship with us, how do we 

know them?  The second is, it is not clear which intellectual, mental, or 

psychological ability do we use to connect with them, or just know them. 

Finally, if these abstract objects exist, then, it seems, they are contingent 

(God's creations).

This chapter addresses these usual objections to  platonism.  It will 

not be an exhaustive refutation of every argument against contemporary 

platonism ever made.  However, it will provide enough answers to cover 

the necessary bases to explore the extent of  the relationship between 

formal  and  natural  science,  and see if  a posteriori matters-of-facts  can 

revise logic and mathematics.

Before we begin, we must point out that Paul Benacerraf challenged 

philosophers  of  mathematics in  general  to  formulate  a  theory  of 

mathematics which fulfills the following requirements:

1. First, any proposed good philosophy of mathematics should reach the 

objective  and  high  level  of  consistency  of  mathematics,  thus 

providing an adequate account of mathematical  truth.  According to 

Benacerraf, this has been accomplished by platonism.2

2. Second, it should provide an adequate epistemology of mathematics, 

which supposedly platonism is not able to offer.3

We  will  certainly  address  the  problem  presented  by  the  second 

requirement which,  according to him,  platonism has not been able to 

satisfy.
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3.1  — Some Antiplatonist  Questions  and Alternatives

3.1.1 — Are Mathematical  Abstract Entities Contingent  

(“God's Creatures”)?

Dummett's  assertion  that  mathematical  abstract  entities  are  in 

principle  “God's  creatures”  (or  contingent)  misses  the  point  of  why 

platonism was  proposed  in  the  first  place.   Thinkers  like  Bernard 

Bolzano,  Gottlob  Frege,  and  Edmund  Husserl posited  the  existence  of 

abstract  entities  due  to  the  “inevitable”  unsatisfying  consequences  of 

other  philosophical  positions  to  account  for  the  objective,  true,  but 

abstract nature of mathematics.

On the one hand, Frege refuted psychologism in mathematics in The  

Foundations of Arithmetic, even though he clearly exaggerated some of his 

opponents'  actual  philosophical  positions.   Husserl's  refutation  of 

psychologism was  very  thorough,  fair,  effective,  and  memorable.   He 

dedicated nine whole chapters of  Logical Investigations' first volume, the 

Prolegomena of Pure Logic, to refute psychologism and many of its variants 

such as empiricism, materialism, naturalism, and anthropologism.  Many 

of  those  who  adopted  these  views,  and  others  like  formalism, 

nominalism,  and  so  on,  have  avoided  Frege's  and  even  Husserl's 

objections to all of these philosophical positions.  In a way, when they 

ignore them, they usually reuse the same arguments which have been 

refuted in the first place.  The only real objection made by the opponents 

of  platonism has been the epistemological  argument,  and even in  that 

case it has been able to provide a satisfying answer, as we shall see later.

Yet it seems that many thinkers want to build their objections on 

sandy grounds.  Some of them just label contemporary  platonism as a 
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sort  of  “medieval  conception” of  mathematics,  and apparently  that  is 

enough to reject it.4  Calling a philosophical view some names is not the 

same as refuting it.  Others, especially those of a naturalistic view, seem 

to  be  afraid  of  the  implication  that  the  existence  of  meanings and 

mathematical  entities  as  abstract entities  means that there  could exist 

other sorts of invisible entities such as  God, gods, or angels.  Certainly 

such beings could exist, but, for reasons I will discuss in this section, from 

a philosophical and scientific standpoints, these subjects are speculative 

at best.

Others  wish  to  cut  abstract  entities  away  from  existence  using 

Ockam's  razor.   Yet,  platonists  have  built  an  excellent case  for  the 

existence of  these  abstract  entities,  mostly  on the basis  that they are 

necessary for mathematical truth and objectivity.  Ockam's razor says that 

we should not posit hypotheses or concepts which are not necessary.  As 

Benacerraf has pointed out,  platonism has succeeded in showing their 

undeniable necessity, and it is up to its opponents to show that positing 

abstract entities is  not necessary.  The use of  Ockam's razor in such a 

manner against  platonism reminds us of  what Oswaldo  Chateaubriand 

says:  “As an absolute principle, which is what it purports to be, Ockam's 

razor is the expression of a philosophical castration complex.”5

The reasons  why  platonism cannot  be  dismissed so lightly  can  be 

found in modern philosophy.  As we saw in the first chapter, Leibniz and 

Hume made a distinction between truths-of-reason and truths-of-fact (or 

relations-of-ideas and matters-of-fact), which are the roots of traditional 

analytic/synthetic distinction.   Logic and  mathematics belong  to  the 

realm of truths-of-reason, which are truths that are absolutely necessary 

and universal to the level of being true in any possible world.  Gods of any 
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sort (presumably) are members of the realm of matters-of-fact, at least as 

it has been conceived traditionally by most or all theistic religions, even 

in the case of the reconceptualization made by religious naturalism and 

by many scientists-theologians.  This means, that numbers and meanings 

as abstract entities cannot be “created creatures”, because nothing in the 

realm of truths-of-fact can determine anything in the realm of truths-of-

reason.  It is the opposite.  If we have been paying attention all along, 

especially to Husserl's arguments, we realize that the fact that something 

exists  implies  necessarily the  forms in  which  an  entity  can exist.   This 

means  that  mathematical  laws,  which  determine  the  nomic  relations 

between  formal-ontological  categories,  determine  the  possible ways  in 

which beings can exist.  If God or gods exist, they would be entities which 

can  exist  only according  to  mathematical  laws.   If  God  or  gods  are 

creators in the traditional sense, they can only create a world according 

to mathematical laws.  In this sense, God or gods can create physical laws 

which  have to  agree  with  mathematical  laws,  but  they  cannot  create 

mathematical nor logical laws themselves.

But we go further than this, because mathematical statements treat 

these formal-ontological categories as objects themselves.  When we look 

at existential statements about  numbers or other mathematical objects 

(e.g.  “there  is  a  prime  number greater  than  two”),  we  can  see  the 

phenomenon of  ontological commitment implied in mathematics.  It is for 

this  reason  that  Husserl conceived  formal-ontological  categories as 

having  ontology,  which  would  make  mathematics formal  ontology,  a 

discipline which explores all  of  the  necessary (not contingent) possible 

relations  among,  any  objects or states-of-affairs  whatsoever,  including 

formal-ontological categories.
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Therefore, mathematical objectivity and truth point to the fact that 

these  forms themselves exist  as  structures  independently of  any other 

invisible (God, angels, ghosts) or visible being or activity in the realm of 

matters-of-fact.  As Husserl warned, to place ideal forms in the realm of 

matters-of-fact would be falling into “metaphysical hypostatization”.

3.1.2 — Causal  Knowledge for Legitimate Epistemology?

As we have just seen, contemporary platonism as such is not positing 

objects “floating in mid-air”, or “invisible creatures of God”, or anything 

along  those  lines.   We  are  talking  about  an  abstract  reality  whose 

existence is necessary, and is the formal condition of possibility for any object 

or state-of-affairs whatsoever.  Therefore, we are referring to an ideal realm 

autonomous from human psychology and the physical world, and in the 

specific  case  of  pure  logical  and  mathematical  truths,  completely  

independent.

Many  antirealist  philosophers  have  pointed  out  that  this  abstract 

nature  of  meanings and  mathematical  entities  makes  it  impossible  to 

establish a causal relation between an ideal realm on the one hand, and 

on the other the psychological acts and the physical world.  This goes 

against  certain  philosophers'  epistemological  views  which  ask  for  a 

causal relationship among entities for an adequate theory of knowledge. 

If this is correct, then the existence of mathematical entities is excluded, 

because there is no causal relationship among entities of the  ideal and 

physical realms.

In  reality,  this  requirement  of  causality for  knowledge  is  not 

convincing for many reasons.  First, it is not self-evident.  Our view of 



THE RELATION BETWEEN FORMAL SCIENCE AND NATURAL SCIENCE —  47

mathematical  epistemology  is  non-causal,  given  that  abstract  entities 

themselves do not “cause” our knowledge about them, and yet,  as  we 

shall see, our cognitive processes are perfectly natural.  Whichever causal 

mechanisms  our  brain  uses  for  the  constitution  of  objectualities,  and 

connecting necessary and possible relations, they do not depend causally 

on numbers or ideal entities themselves.

Second, in natural science, the criterion of causality is not applied to 

all cases.  For example, in quantum physics, we cannot establish certain 

causal  relations  among  subatomic  particles,  yet,  we  have  legitimate 

scientific knowledge about them.  The following example shows one case.

Illustration 2 shows an  EPR Machine.6  Let us suppose that we have a 

positronium which annihilates, and two photons are released in opposite 

directions.7  According  to  experiments  carried  out  by  scientists,  one 

photon will spin in one direction, and the other will spin in the opposite  
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direction.  Apparently, there are no exceptions to this phenomenon.  We 

could  conjecture  why  this  happens,  but  it  seems  that  we  cannot 

formulate a theory which can causally link both spins.  We could say that  

this  happens  because  one  photon  seems  to  affect  the  other.   Since 

photons travel at the speed of light, the effect of one on the other should 

be faster than that, which goes against the speed limit established by the 

special theory of relativity:  nothing can travel faster than light in empty 

space.  Perhaps, we could think that what affects their spin is at the very 

source  of  the  photons  at  the  moment  of  annihilation,  but  quantum 

physics as it is currently formulated predicts that if such a thing were 

true, the outcome would be completely different.  Therefore, we can know  

non-causally the spin of one photon by knowing the spin of the other.  The 

requirement of causality for legitimate knowledge is, thus, refuted.8

3.1.3 — Semantic and Mathematical  Fictionalism

Some philosophers of science like Mario  Bunge are not completely 

satisfied  with  platonist  proposals,  not  even  Popper's  semiplatonism. 

Bunge chooses fictionalism as an alternative to independent  meanings 

and mathematical entities.  He says that there are no “propositions-in-

themselves” as Bolzano, Frege, and Husserl seemed to believe, and states 

that we have to make believe that they exist.  He says that unlike Mickey 

Mouse  or  Superman,  we  can  establish  formal  and  semantic  exactness 

using these fictitious notions.9

Since his conception of meanings and propositions is fictionalist, the 

truth value for these propositions is linked to human psychology and to 

scientists' and mathematicians' “conventional knowledge”.  He gives the 

following examples to show that not all  propositions are true or false, 
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and that there are other  propositions with no  truth value:  the trivial 

propositions “the trillionth decimal character of π is 7”, “in the center of 

the Earth there is a piece of iron”, and the non-trivial  proposition “the 

value of function f, representative of a P property for an individual x, is y” 

where  f is an attribute of the figure in a scientific theory.  Bunge says, 

that in these and other cases, a proposition lacks truth value, not because 

one has not been assigned to it, but because it is impossible to decide if it  

is true or false.10

These  examples  hardly  refute  platonism.   Bunge's  real  problem is 

that he supposes that a proposition is true only when we know such truth 

value on the basis of facts.  For platonists, this requirement would be as 

absurd as claiming that the proposition “the Sun is in the center of the 

Solar System” was not true one time, because human beings did not know 

it.  The proposition just expressed has been (and is) true, even when, for 

centuries,  humanity  believed  the  false  proposition “the  Earth  is  the 

center of the universe”.  That humanity did believe that “the Earth is the 

center of the universe” was true did not make it true.  Bunge confuses 

holding a  proposition as true with it  being true, a distinction made by 

both Frege and Husserl in their respective works.11

For a platonist, it is possible for a proposition to have a truth value, 

even if we do not know it, or if we do not know the proposition itself.  Let 

us take the example of “the trillionth decimal character of π is 7”.  This 

proposition depends essentially  on the  number π itself.   According to 

platonists, there is a trillionth decimal character, but we do not know it yet. 

Knowing and being are two different things.  Unfortunately, Bunge's own 

conception of  numbers as being products of human imagination leads 

him to confuse knowledge of the number with its being, and he imagines 
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that this is enough to refute platonism.  Epistemological limitation is not 

the same as lack of truth value.

With  respect  to  “the  value  of  function  f,  representative  of  a  P 

property for an individual x, is y”, this sentence expresses a function, not  

a  proposition,  because  the  “value  of  function  f”  is  a  variable,  it  is  an 

unknown.  Its  truth value will  also depend on the specific value to be 

assigned to it as well as to variables P,  x, and y.  Once the assignment is 

made,  then a proposition is expressed.  At least in logic we have made a 

very  clear  difference  between  a  propositional  function  such  as  “F(x)” 

where x is a variable, and a logical statement such as “F(a)” (where a is a 

constant), or such as logical statements whose variables are quantified:

((∀x)(F(x)G(x))∧(∀x)(G(x)H(x)))(∀x)(F(x)H(x))

As Bunge clearly says, a truth value can only be applied to propositions. 

If this is correct, they are not applied to logical functions.

Bunge's proposal pretends to overcome some difficulties with Quine's 

statements  about  the problem of identity of  meanings.   For him,  it  is 

possible to say that there are propositions, just like mathematics can say 

that  there  are  numbers,  but  without  stating  that  there  are  actually 

“propositions-in-themselves” or “numbers-in-themselves”.12  He establi-

shes  unequivocally  the  existence  of  physical  organisms  capable  of  

thinking  and  forming  judgments.   Possibly  there  are  no  identical  

judgments, nor identical processes in two or more brains, or even in the 

same brain.  However, there are  similar judgments.   If that similarity is 

pointed out enough, then we can conclude that two brains are thinking 

the  same  proposition.   This  leads  him  to  think  that  concepts, 

propositions, and numbers lack autonomous existence.  At most, we can 
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define their existence psychologically:  “x exists  conceptually if there is 

at least one brain that thinks x”.13

Apparently,  Bunge is  not  aware  that  platonists  have  already 

answered these arguments.  For example, in The Foundations of Arithmetic, 

Frege addressed precisely this kind of psychological view that states that  

there are no identical propositions or concepts, since they are subject to 

psychological change, and by their own nature subjective notions cannot 

be  shared.   Let  us  suppose,  for  the  sake  of  the  argument,  that 

mathematical  objects are figments of our brains' neurons and nothing 

else beyond that.  If there is no abstract ideal realm or a cultural realm 

(which is essentially abstract), it is difficult to account for our agreement 

about propositions and mathematical notions.14

Throughout history and in every society, humans have represented 

numbers in very different ways (think about Greek, Roman, Hebrew, and 

Indo-Arabic numerals), and yet, they all have the same meaning, and refer to  

exactly  the  same  abstract  objects.   There  is  no  difference  in  meaning 

between  the  properties  of  the  Indo-Arabic  “1”,  the  Greek  “α´” or  the 

Roman “I”.  We can all agree, regardless of cultural differences, that the 

number five is a prime number, the result of adding 2 and 3, the result of 

adding 1 and 4, the  number whose square is 25, or whose cube is 125.15 

Bunge does not solve this problem of exact identity by defining numbers 

as mere subjective representations.  If we were to take his  fictionalist 

position, the representation of the number one (as similar as it can be to 

other  number ones  in  other  people's  brains)  will  always  be  different, 

especially regarding minute subjective traits.  So we cannot talk about 

the number one.  Instead we would be talking about 1, 1', 1'', 1''', and so 

on.16  It  would  be  a  miracle  if  rational  beings  can  understand  one 
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proposition if  propositions  in  general  were  non-shared  mental 

representations.

Also,  in  light  of  other  epistemological  factors,  this  proposal  of 

“emphasizing similarities  enough” makes little  sense.  For instance,  is 

this “enough emphasis” understood in terms of frequency, i.e. should we 

repeat  a  mantra  such  as  “2  is  the  first  even  number in  the  series  of 

natural  numbers” until we all agree that we are talking about the  same 

number two?  Is it understood in terms of mentioning a list of most or all 

of its numeric traits, i.e. “the first even number in the series of natural 

numbers”,  “the  number which  can  divide  all  even  numbers”,  “the 

number whose square is 4 and whose cube is 8”, etc.?

If what  Bunge has in  mind is the first case, then he falls into what 

Karl Popper called “the bucket theory of the mind”, which conceives the 

mind as  a  “blank  slate”  or  an  empty  bucket,  which  is  filled  by  the 

“waters” of  frequency.   Unlike  Popper's  original  bucket  theory  of  the 

mind,  Bunge would  imply  (if  this  were  the  case)  that  we  have  no 

knowledge of  numbers through our senses.   Yet,  the idea is  the same 

regarding the repetition of the mantra to create habit and establish such 

mathematical “knowledge” in our minds, so we can agree what we mean 

by  the  number “two”.   It  would  be  a  complete  enigma that  different 

mathematicians can accurately establish the properties of numbers they 

have  not  even  pondered  (e.g.  “the  number 132,415,644,233  is  an  odd 

number”).   There would be even greater problems, such as how could 

George  Boolos prove  again  Gödel's  famous  incompleteness  theorems 

through very different  paths  than the  ones  taken by  Kurt  Gödel,  and 

without repeating Gödel's own procedures.
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There is still the second possibility, that we emphasize “enough” our 

agreement about a particular  number via mentioning most or all of its 

traits.  We can agree that the number two is the first even number in the 

series of natural numbers, or that it is the number whose square is 4, and 

whose cube is 8.  Yet, in this case we have a new problem.  If in principle  

our brains can differ (even slightly) on notions such as “even”, “square”, 

“cube”, “4” and “8”, then it is impossible to verify this identity or “semi-

identity” of all of these notions.  Mathematicians would never agree on 

many things, and we would still be in the mathematical Stone Age.  In 

Bunge's scenario,  mathematics as a field, and other areas of knowledge 

which require terminological consensus, would simply collapse.

In other words,  Bunge's proposal cannot even begin to be the basis 

for mathematics as a field, nor could it even begin to account for the way 

it provides such reliable models for scientific theories, nor the accuracy 

of  their  results.   We could say that  they would be  too accurate  to be 

“fictitious”.

3.1.4 — What about Karl  Popper's  Semiplatonism?

One of the least known aspects of Karl Popper's philosophy has to do 

with  an  epistemological  doctrine  which  was  inspired  by  Bernard 

Bolzano's  and  Gottlob  Frege's  platonisms.17  Like  Frege (and  Husserl), 

Popper himself established a distinction between mental representations, 

sense, and referent.  We will not go in detail regarding Popper's semantic 

doctrine,  except  to  say  that  in  many  aspects,  Popper was  closer  to 

Husserl than Frege.  For instance, for  Popper, a  universal name has the 

concept as its sense, and the extension of the concept as its referent.18  He 

agreed with Frege (and Husserl) that the sense of an assertive sentence is 
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a “statement”, a “thought”, or a “proposition”.  Yet, unlike Frege, Popper 

places  facts  as  statements'  referents.   In  this  case,  the  term “fact”  is 

understood in a way that is unlike Husserl's state-of-affairs, and closer to 

the notion of  situation-of-affairs.19  Like  Husserl,  truth is a  relation, but 

unlike  Husserl,  truth is  a  relation  between  a  statement  and  its 

corresponding fact,  especially the way he understood it  though Alfred 

Tarski's  correspondence  theory  of  truth (with  some  provisions):   the 

sentence “the snow is white” is true if the snow is white.20

Like  Frege (and  Husserl),  Popper cared  very  much  about  the 

distinction between the psychological and the logical, which he summed 

up in the following way:

The psychological The logical

Subjective thought processes, or acts 
of  thinking,  or  thoughts  in  the 
subjective sense.

Objective  thought contents,  or 
contents  of  acts  of  thinking,  or 
thoughts in the objective sense.

Frege used to call this logical abstract realm “das dritte Reich” (a “third 

sphere” or “third realm”, the other two being the realms of the physical 

and the psychological).21  Popper adapted this Fregean theory and talked 

about three “worlds”:

• World 1:  This is the realm of the physical.

• World 2:  The realm of the psychological, subjective acts, or 

thinking processes.

• World 3:  The realm of objective contents of thought.
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Just like Frege, and unlike Bunge, Popper thought that this world 3 could 

be shared intersubjectively.

Yet, there is a remarkable difference between Popper and Frege (and 

Husserl), for  Popper, this logical content does not exist  independently of 

humanity's  mind.   On  the  contrary,  they  are  all  psychological 

constructions.  This objective content is shared only in the measure we all 

can have access to it through books, CDs, DVDs, the “cloud”, or wherever 

this objective content is “deposited”.22  World 3 is not a Fregean “third 

realm”,  independent  of  the  human  mind,  but,  instead,  an  abstract 

cultural world.

The fact that it is not independent of the human mind does not mean 

that our minds can do everything they want regarding world 3.  Popper 

provided several examples of this, two of which come from mathematics.

The first example involves the consequences of our invented numbers. 

For Popper, they are abstract objects created by our own minds, but are 

clearly distinct from our own  thought processes.   Then, we invent the 

concept of “prime number”, under which fall all of those numbers which 

have no divisors other than themselves and the number one.  Inevitably, 

numbers like 2, 3, 5, 7, 11, 13 and so on, end up falling under this concept. 

Notice that we cannot  make even numbers like 4, or numbers like 27, or 

51 be prime numbers.  This means, that there are unintended consequences 

of our own abstract creations.23  In a very literal way, our creations escape 

our will.  In this sense, we can actually talk about knowledge “without” a 

knower.24

He used triangles to illustrate this point even further.
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m∡A + 2(m∡C) = 180°
ILLUSTRATION 3

Illustration 3 shows an isosceles triangle, which means that two sides of 

it will measure the same.  It also means necessarily that two angles will be 

the same (m∡C).  As a triangle in euclidean space, adding the three angles 

will give us the specific value of 180°.  It will not give us any other result. 

We can use this mathematical evidence to derive others.  For instance, let 

us look at Illustration 4.

ILLUSTRATION 4

We have three circular radii forming three different triangles (a big one,  

and two smaller ones).  We can infer from them the following deductive 

mathematical reasoning:
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m∡A + m∡B = 180°

m∡A + 2(m∡C) = 180°

 m∡B = 2(m∡C)

 m∡C = (m∡B)/2

In the same way:

m∡A + m∡B = 180°

m∡B + 2(m∡C') = 180°

 m∡A = 2(m∡C')

 m∡C' = (m∡A)/2

m∡C + m∡C' = (m∡A)/2 + (m∡B)/2 = 90°

All of these deductions, these new truths which stem from the first ones, 

are unintended consequences of our construction of euclidean geometry 

and its definitions, axioms, and theorems.

Popper's proposal seems to be far more reasonable than  Quine's or 

Bunge's.  It certainly seems to explain our knowledge of mathematical 

abstract  objects very well:   we create them.  Then why should we not 

adopt it?

There  are  some  aspects  of  Popper's  proposal  which  are  either 

deficient  or  fail  altogether.   One  of  the  deficient  parts  of  his 

mathematical  philosophy  has  to  do  with  the  fact  that  he  said  that 

numbers are constructions, but he did not say which kind of constructions 

they  are.   Are  they  objects a  la Frege (saturated  entities)?   Are  they 
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formal structures as suggested by  Husserl or Nicolas  Bourbaki?  Notice 

that  Karl  Popper had  nothing  remotely  similar  to  Husserl's  notion  of 

state-of-affairs,  which  means  that  he  could  not  explain  how  we  can 

understand facts (a la Popper) in terms of mathematical concepts such as 

numbers or sets.

He also fell into what Husserl would call “specific relativism”, that is, 

the  belief  that  statements  are  held  to  be  true  because  our  human 

constitution led us to believe that they are true.25  So, ironically, while he 

rejected all forms of psychologism, Popper, inadvertently, fell into one of 

its consequences:  specific relativism.  His world 3 is essentially a cultural  

realm, which is ultimately founded in human constitution and our ability 

to grasp its content.  In such a case, there would not be any sort of truth, 

which is what Popper claimed to defend.  Without an actual ideal realm 

of formal necessities and possibilities independent of humans' minds, the 

necessity  of  the  “unintended”  consequences  are  not  really  logically 

necessary,  but necessity born out of the constitution of human beings 

which create this “autonomous” world 3.

This leads us to the most serious flaw in Popper's proposal, the way 

he  described  truth in  his  work.   He  was  deeply  inspired  by  Tarski's 

conception of truth, and he established a semantic relationship between 

statements or propositions and facts.  He seemed to hold, very much like 

Wittgenstein in some ways, that the totality of facts is what makes up 

“reality”.  For Popper, reality is defined as that to which all true propositions 

correspond.26  Yet, if this is the case, then either  Popper made a serious 

mistake  defining  reality  that  way,  or  he  would  have  to  embrace 

platonism.   For  him,  propositions are,  in  principle,  our  constructs. 

Reality  is  not,  because  it  has  existed  independently  of  humans,  even 
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before the advent of humanity.  In light of this, it would be odd to argue 

that there was no “reality” before humanity.  But if reality is defined in 

terms of true propositions, then that would mean that true propositions 

have always existed at least as long as “reality” has, and that we are only 

grasping them when we think them.  This would be platonism.

3.2  — Non-Twil ight Zone View of  Formal  Knowledge:  

Platonist  Epistemological  Theories

Platonist  epistemology  is  often  accused  of  being  mysterious  and 

mystical.   As  Jerrold  Katz has  pointed out,  the  fact  that  something is 

mysterious does not make it philosophically illegitimate.  Philosophy is 

replete with mysteries and thrives in solving those mysteries rationally.27 

Platonism and other forms of realism have been accused of  mysticism, 

because it would require a kind of an extra-eye to “see” those mysterious  

entities floating around waiting for someone to grasp them.  Mysticism 

proposes that we can obtain this knowledge beyond our natural cognitive 

faculties.28  In this section, we will see that this is not so.  First, we will  

mention three platonist  epistemological  theories,  choose one of  them, 

and then look at its empirical evidence in animals and humans.

3.2.1 — The Mind's Eye

Several platonist philosophers of mathematics, such as James Robert 

Brown, posit the existence of what they call “the mind's eye” which, in 

many ways, is analogous to the physical eye.  We must understand the 

term “mind's  eye” as a metaphor to describe that aspect of  the  mind 

which lets us have access to the mathematical abstract realm.29
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For example, says  Brown, we ordinarily perceive a cup of coffee on 

the table, and we are compelled to believe in its actual existence.  In the 

same way, the mathematician is compelled to believe in the existence of 

mathematical objects and truths, such as the necessity of the proposition 

“2  + 2  = 4”, and the contingency of the  judgment “the bishops move 

diagonally” in the game of chess.30

An objection may be raised, that we know more or less the processes 

with which our physical eyes perceive  objects.  On the other hand, the 

way this  mind's  eye perceives  needs to be explained.31  Brown argues 

against this objection saying that this mystery of the “mechanics” of the 

mind's  eye does  not  undermine  this  platonist  claim that  we  perceive 

abstract mathematical objects.  It is a fact.  As we have seen, the criterion 

of  causation  has  been  refuted,  so  opponents  cannot  use  it  against 

platonism.32

Finally,  Brown argues in favor of the  concept of the  mind's eye by 

recognizing  the  fallibility  of  formal  a  priori knowledge.   As  Descartes 

argued very well, our own senses can deceive us, including the sense of 

sight.  What we perceive does not necessarily correspond to the actual 

facts.   What  seems  to  be  a  lake  from  afar  may  be,  in  reality,  a 

hallucination, an illusion, or a mirage.  The same thing happens to the 

mind's eye.  When we formulate a mathematical conjecture that is not 

self-evident, we may be subject to error.  Brown calls this philosophical 

standpoint “fallibilist platonism”.33

The epistemological proposal of the  mind's eye has one advantage: 

fallibilist  platonism.   As  I  will  show  later  in  this  chapter,  a  priori 

knowledge can be fallible.
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However, the “mind's eye” analogy has flaws in many levels.  All that 

this doctrine says is that we perceive abstract  objects,  but it does not 

begin  to  explain  how we  perceive  them.   In  the  realm of  all  possible 

worlds, it is may be that the world as we experience and perceive it is an 

illusion, and that our compelling belief about the cup that we perceive is 

misled.  In the case of formal knowledge, there seems to be no possible  

scenario  where  the  principle  of  no-contradiction  is  false,  or  that  the 

square  root  of  two  is  not  an  irrational  number.   In  this  case, 

mathematical a priori knowledge seems to be far more compelling than a 

posteriori knowledge about a cup or anything else in the realm of matters-

of-fact.

There is another aspect where this analogy fails.  Let us assume, for 

the sake of the argument, that it is still a mystery how our brain works 

regarding physical perception.  Despite this mystery, we can still argue 

that senses give us sensible objects.  Even if we could not verify that the 

world is “really” an illusion, it would still be reasonable to suppose its 

existence.   So,  we  suppose  scientifically  that  natural  mechanisms  for 

perception  must exist, even if we do not know precisely what they are 

and how they work.  The problem with mathematical objects is that they 

are  not  perceived  sensibly,  which  would  make  the  “mind's  eye” 

hypothesis appear worthless, and it would not be powerful enough to be 

a  convincing  platonist  alternative.   Knowing  the  “mechanics”  of  the 

physical eye and how our brain deals with what it perceives does help us  

explain our compulsion to believe in external objects and their nature. 

Knowledge  of  abstract  mathematical  entities  and  their  nature  is  not 

clarified by arguing that we do not need to know the mechanics of the 

“mind's eye”.
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3.2.2 — Realistic Rationalism

Jerrold Katz was one of the most recent philosophers of mathematics 

who tried to meet  Benacerraf's  challenge,  and account for a  platonist 

epistemology of mathematics without the need to establish a certain kind 

of  supernatural  faculty  that  grasps  abstract  entities.   He  calls  his 

philosophical  position “realistic  rationalism”.   In this  context,  “realism” 

means that mathematical truths refer to abstract  objects not located in 

space and time.34  “Rationalism” means that reason alone is the source of 

all formal a priori knowledge.35  Therefore, his epistemological theory can 

be rightfully called “rationalist epistemology”.36

Katz established  several  conditions  for  an  adequate  rationalist 

epistemology:

1. There should be no causal relationship between the knower and the 

abstract objects to be known.37

2. The truth of a mathematical  proposition depends exclusively on the 

nature  of  the  proposition itself.   For  example,  the  truth of 

propositions about  physical  objects depends  on  the  facts  of  the 

physical  world.   The  knowledge  of  mathematical  truths  depend 

ultimately  on  their  abstract  nature,  and  their  epistemological 

foundation in reason.38

3. That  the  truths  discovered  through  reason  should  be  justified 

according to the  objects they talk about, mathematical entities and 

their properties.39

Contrary  to  the  objects of  the  external  world,  whose  nature  is 

contingent, all abstract mathematical entities have necessary properties. 
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The fact that the square root of two is an irrational number, and that two 

is the only even prime  number are examples of this.  Both statements 

about the number two are examples of  a priori conclusions to which we 

arrive using Reductio ad Absurdum.40

Realistic  rationalism recognizes  the  existence  of  a  kind  of 

mathematical  intuition which  is  necessary  to  find  these  mathematical 

truths.   This  is  not  a  mystical  intuition,  but  rather  one  which,  in 

principle, can be explained naturally.  Katz uses this example:

It  is  also  crucial  to  the  notion  of  intuition  in  our  sense that 

intuitions are apprehensions of structure that can reveal the limits 

of  possibility  with  respect  to  the  abstract  objects having  the  

structure.  Intuitions are of structure, and the structure cannot be 

certain  ways.  .  .  .   Consider  the  pigeon-hole  principle.   Even 

mathematically naive people immediately see that if m things are 

put into  n pigeon-holes,  then, when  m is  greater than  n,  some 

hole must contain more than one thing.  We can eliminate prior 

acquaintance  with  the  proof  of  the  pigeon-hole  principle, 

instantaneous discovery of the proof, lucky guesses, and so on as 

“impossibilities.”   The  only  remaining  explanation  for  the 

immediate knowledge of the principle is intuition.41

In this way, Katz refutes antirealists who accuse realists of not providing 

alternatives to this mathematical intuition that they reject as mystical.

By  the  context  of  this  epistemological  doctrine,  Katz conceived 

mathematical  structures  as  formal  structures,  not  as  objects in  the 

fregean  sense.42  For  this  reason,  we  find  Katz as  closer  to  Nicolas 

Bourbaki and Edmund Husserl than to Frege.
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Katz also  told  us  that  he  favored  a  kind  of  fallibilist  platonism, 

because mathematical intuition itself is subject to error.  The revision of 

logic and mathematics is the result of our cognitive limitations regarding 

them,  which  are  eventually  superseded  through  reason  and  careful 

analysis.43

He concluded his exposition of rationalist epistemology showing that 

there is no question begging within reason.  For him, to beg the question 

within  rationalist  epistemology  would  be  like  falling  into  the  sort  of 

Cartesian skepticism which David Hume would never tolerate, because it 

would question the most elementary mathematical principles.  If this is  

the game empiricists wish to play against realism, then we should also 

remember  that  this  reasoning  can  apply  to  them too  if  we  take  into  

account Humean skepticism, and ask on which logical basis can we say 

that we have a pencil to write if all the flow of sense impressions never 

remains the same, and that the fact that we perceive sensibly the pencil  

does not necessarily mean that it exists or that the pencil itself is the  

source of our sensations.  Therefore, if the empiricist, without falling into 

radical skepticism, reasonably allows us to think that we are holding a 

pencil on the basis that all sensible traits are consistent with what we 

perceptually expect of  a pencil,  then the empiricist  should grant  that 

through Reductio ad Absurdum we should deduce the mathematical  truth 

that, for example, the number two is the only even prime number.44

Also, Katz pointed out that not holding some basic logical principles 

as absolutely necessary for any rational reasoning will lead immediately 

into paradoxes, such as the paradox of revisability.  The paradox goes like 

this:



THE RELATION BETWEEN FORMAL SCIENCE AND NATURAL SCIENCE —  65

Since the constitutive principles are premises of every argument 

for  belief  revision,  it  is  impossible  for  an  argument  for  belief 

revision to revise any of them saws off  the limb on which the 

arguments rests.  Any argument for changing the truth value of 

the  constitutive  principles  must  make  a  conclusion  that 

contradicts the premise of the argument, and hence must be an 

unsound argument for revising the constitutive principle.45

The principle of  no-contradiction is  an example.   If  all  logic were 

revisable, then the principle of no-contradiction would be revisable too. 

If  it  is  revisable,  it  is  because  certain  “events”  seem to  contradict the 

principle  of  no-contradiction.   Since  the  principle  of  no-contradiction 

should be supposed as a premise necessary to find a contradiction, then 

the reason to question this principle is also questioned, and there would 

be no base at all for its revision.  Therefore, we reach the conclusion that 

the principle of no-contradiction is revisable and it is not revisable.46 

Katz stated that  realistic  rationalism meets  Benacerraf's challenge, 

because it explains how we can grasp mathematical entities and truths 

non-causally.47  His  advantage  over  the  “mind's  eye”  proposal  is 

significant.  He showed the mechanisms through which we can achieve a 

logical  or  mathematical  truth without  relying  on  metaphors  like  the 

“mind's  eye”.   He  also  embraced  fallibilist  platonism and  gave  us  a 

glimpse of how we are able to grasp truths about mathematical entities.

However, there is an aspect of Katz's epistemological doctrine which 

is not completely satisfied.  For example, he recognized that we are able 

to perceive some mathematical structures in a given experience.  As we 

shall  see more thoroughly with  Husserl,  Katz said that we are able to 
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perceive these formal structures on the basis of sensible objects.  Once we 

“purge” all sensible components from these abstract structures, we are 

able to know them in their purity48  However, he did not talk much about 

the  way  different  kinds  of  mathematical  structures  can  be  found  in 

experience, he just assumed that they are there and that we can perceive 

them  “rationally”.   More  to  the  point,  his  notion  of  mathematical 

intuition is not very clear, since he seems to confuse the apprehension of 

structures with the intuition that lets us find their possible and necessary 

properties  and  relationships.   As  we  will  see,  his  portrayal  of 

mathematical intuition with the pigeon-hole example would seem like a 

mix of categorial intuition and eidetic intuition in husserlian terms.

Katz also  lacks  a  theory  to  explain  how,  from  these  elementary 

structures, we are able to reach the level of mathematical complexity we 

know  today  (various  theories  of  numbers  such  as  complex  numbers, 

category theory, universal algebra, general topology, among others).

Before  we  move  on,  we  should  underscore  the  importance  of  the 

revisability paradox as  Katz explained it, because it will be a key factor 

that will help us refute Quine's holistic thesis.

3.2.3 — Husserlian Epistemology of Mathematics

Husserl's epistemological proposal as a whole (even his phenomeno-

logical research) is the result of his interest in mathematical knowledge. 

After  his  antipsychologistic  turn,  in  a  section  called  “Sensibility  and 

Understanding”,  in  the  Sixth  Investigation  of  his  masterpiece,  Logical  

Investigations, he explained in full detail his phenomenological approach 

to mathematics, and addressed the problem of mathematical knowledge. 



THE RELATION BETWEEN FORMAL SCIENCE AND NATURAL SCIENCE —  67

To understand this, we must look at the way judgments or propositions 

are fulfilled by states-of-affairs.

According to phenomenology, intentionality is an essential property 

of consciousness, and it consists of directing our consciousness towards 

objectualities.   An intentional  act is an act of thinking,  a  cogito in the 

Cartesian sense.  Every  cogito has a  cogitatum, every thinking act has an 

objectuality that is being thought of.49

As we have seen in Chapter 2,  Husserl said that an  objectual act of 

consciousness, which is an intentional act, constitutes an objectuality, a 

state-of-affairs.  As we have seen, a state-of-affairs is made up of sensible 

objects interconnected  by  categorial  forms  (specifically,  formal-

ontological  categories or  formal-objectual  categories).   From  a 

phenomenological standpoint, how is the constitution of a state-of-affairs 

possible?

Husserl established  a  distinction  between  sensible  intuition and 

categorial  intuition.   Sensible  intuition is  the  means  with  which  we 

constitute sensible objects.  He distinguished between two sorts:  sensible  

perception and  sensible imagination.  The latter lets us constitute sensible 

objects in our fantasy or imagination, while the former lets us constitute 

objects “in-the-flesh”  so  to  speak.   With  sensible  perception,  sensible 

objects are given in a low-level objectual act.  They appear as “external” 

objects to us.50

There  is  also  categorial  intuition,  of  which  there  are  two  kinds: 

categorial perception and categorial imagination.  Categorial intuition lets us 

constitute and perceive categorial forms on the basis of low-level sensible 

objects.51  However,  these  categorial  forms are  not  given  in  the same 
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manner  as  sensible  objects,  because  they  require  the  intervention  of 

understanding through categorial acts.  An act of constituting a state-of-

affairs is essentially what Husserl called a mixed categorial act, with which 

sensible objects are given in a specific form.52  We can either talk about a 

set of pencils, or about five pencils, or a totality of pencils, or other states-

of-affairs which share the same situation-of-affairs.

In all of these cases, we treat sensible objects as a unity of experience. 

This lets us use these  states-of-affairs as basis for other categorial and 

objectual acts, which means that there can be higher objectual levels.53 

This  can be  seen in  the case  of  sets,  as  Husserl  used this  example  to 

illustrate his views on a hierarchy of objectualities:

In  the  domain  of  receptivity  there  is  already  an  act  of  plural 

contemplation in the act of collectively taking things together; it 

is not the mere apprehension of one  object after the other but 

retaining-in-grasp of  the  one in  the apprehension of the next, 

and so forth . . .  But this unity of taking-together, of collection, 

does  not  yet  have  one object:   the  pair,  the  collection,  more 

generally, the set of the two objects.  It is limited consciousness, 

we  are  turned  toward  one  object in  particular,  then  toward 

another in  particular,  and nothing beyond this.   We can then, 

while we hold on the apprehension, again, carry out a new act of  

taking together [of,  let us say] the inkwell and a noise that we 

have  just  heard,  or  we  retain  the  first  two  objects in 

apprehension and look at a third object as separate from others. 

The connection of  the  first  two is  not  loosened thereby.   It  is  

another thing to the combination or to take a new  object into 

consideration in  addition to the two  objects already in  special 
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combination.  And then we have a unity of apprehension in the 

form of {{A,B},C}:  likewise {{A,B},{C,D}}, etc.  It is necessary to say 

again  here  that  each  apprehension  of  a  complex  form  has  as 

objects A B C . . . and not, for example {A,B} as one object, and so 

on.54

In  other  words,  the  example  of  sets  shows  us  that  there  can  be  a 

hierarchy of objectualities.  If we wish to find the sensible subtracts of all 

of these  objectual acts, all we have to do is to trace them down to the 

low-level sensible components.55

Yet,  pure  mathematics does  not  include  sensible  components,  but 

rather  formal-ontological  categories in  their  purity.   Husserl makes  a 

distinction between mixed categorial acts and pure categorial acts, where 

pure categorial forms are constituted without sensible components.56  To 

reach the level of pure categorial forms, an act of categorial abstraction is 

needed.  With this act of understanding, we purge a state-of-affairs of all 

of  its  sensible  contents  and  substitute  them  with  indeterminates  or 

variables.  In such case, all we have left are categorial forms.

In  the  field  of  mathematics,  we  explore  necessary  or  essential 

relationships  between  these  formal-ontological  categories:   unity, 

plurality, relation, cardinal  numbers, ordinal  numbers, part and whole, 

sets, and so on.  What lets us constitute these essences (necessities and 

possibilities) is what Husserl called “general intuition”, “essential intuition”, 

or “eidetic intuition”.  Through eidetic intuition, essences are constituted, 

and  we  are  able  to  discover  the  necessary  relationships  between 

concepts, be them material or formal.57
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Husserl also explained that to understand logic, we must understand 

the  acts  with  which  we  constitute  a  state-of-affairs,  and  the  way  we 

formulate judgments or  propositions on the basis of  meaning acts.  The 

most basic of these meaning acts is expressed by the concept of “being”. 

Once we constitute a  state-of-affairs, through meaning acts we express 

that such state-of-affairs is the case.  If we find Mary taller than John as a 

state-of-affairs, with a meaning act we can express that “Mary  is taller 

than John”.  In this case, “is” expresses a meaning category which has no 

sensible correlate.  We can build on this proposition and establish a new 

relation between two other different  propositions, like the conjunction: 

“Mary  is  taller  than  John  and John  is  shorter  than  Mary”.   We  can 

abstract a pure logical form once the material  concepts are substituted 

by indeterminates or variables.  We can obtain from such abstraction or 

formalization subject-predicate forms,  disjunction,  conjunction,  and so 

forth:  “A is B”, “A and B”, “A or B”, and so on.58

For  Husserl,  we  are  able  to  reach  a  mathesis  universalis from  pure 

categorial  forms,  and  through  further  categorial  acts.   From  a 

transcendental  standpoint,  we can distinguish between what he called 

“formal  logic” and “transcendental  logic”.   For him, the world is  already 

given  in  a  determined  and  determinable  way  to  transcendental 

consciousness.  We must turn to experience, so we can understand the 

relationship between the subjective forms of reasoning (transcendental 

logic)  and  objective  pure  logic (formal  logic)  in  its  supreme  form  of 

mathesis  universalis.   He  argued  that  transcendental  logic turns  to 

objective formal logic, while formal logic needs transcendental logic to be 

constituted.59
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As we have explained in chapter 2,  logic consists of three different 

strata.  From a transcendental point of view, each one of these strata is  

further removed from psychology until  it  constitutes  objective  formal 

logic.  Propositions and judgments are formed through meaning acts, and 

objectualities through  mixed  categorial  acts.   So,  meaning  acts  and 

objectual acts are correlated, just as in a truth relation,  propositions or 

judgments are correlated with  states-of-affairs or  objectualities.  When 

these propositions or judgments and the objectualities are purified from 

all sensible content, what we have left are two sorts of categorial forms.  

On the side of logic, we have pure meaning categories, and on the side of 

mathematics we have formal-ontological categories.  Thus, we obtain the 

first logical stratum, a morphology of meanings, which is correlated with 

a  morphology  of  intuitions or  morphology  of  formal-ontological 

categories.60

As we have already seen in chapter 2,  logic's second level builds on 

the first one.  On the side of logic we have basic syllogistic deductions and 

demonstrations,  whose  laws  Husserl called  “laws  to  prevent  counter-

sense”.   This  stratum is  still  syntactic  in  nature,  and comprises  what 

Husserl called the “logic of consequence”.  Also, in the upper level of this 

stratum, we find the “logic of  truth”, which includes the  concept truth 

and other related concepts.   This  second logical  stratum is  correlated 

with a mathematical stratum, where these logical deductions are used to 

form  mathematical  theories  based  on  formal-ontological  categories. 

From the category of numbers we obtain a theory of numbers, from the 

category of sets we build  set theory, from the categories of parts and 

whole  we build  mereology,  from the category  of  plurality,  we build  a 

theory of plurality, and so on.  In other words, this mathematical stratum 
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consists  of  theories  of  possible  objects and  states-of-affairs based  on 

formal-ontological categories.61

Finally, there is  logic's third stratum, where logic becomes a theory 

of deductive systems or a theory of all possible forms of theories.  In this  

stratum the logician is free to posit any sort of deductive system he or 

she wishes and explore it, just as long as consistency is preserved.  On the  

side of mathematics, its supreme form is a theory of manifolds.  In here 

mathematicians are free to posit any mathematical  concept, any  set of 

rules, and explore all of their logical and mathematical consequences as 

long as consistency is preserved.  This is the way  Husserl could explain 

why we could know so much about negative  numbers, negative square 

roots (today we would call them “imaginary numbers”), fractions, and so 

on.  Mathematicians posited each one of these concepts, established their 

laws,  and  based  entire  fields  on  them  by  exploring  their  logical  and 

mathematical consequences.

Both, the theory of deductive systems and the  theory of manifolds 

are unified as a mathesis universalis where we only reason completely on a 

level of forms purified from all sensible content, whose truth cannot be 

reduced  to  psychological  activities,  yet  can  be  constituted  by  our 

consciousness.   From  an  epistemological  standpoint,  this  mathesis  

universalis is the a priori basis for every science in the broadest sense.62  In 

the opposite page, we illustrate a summary of  Husserl's epistemological 

doctrine regarding these logico-mathematical strata, and how we reach 

this mathesis universalis.

The  advantage  of  Husserl's  epistemology  over  the  other  two  are 

great.  First, it can tell us, from our experience of states-of-affairs, how we
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are  able  to  abstract  mathematical  objects,  or  formal-ontological 

categories.  We constitute them through objectual acts, purify them from 

all empirical content, and reach gradually a  theory of manifolds in the 

husserlian  sense.  Without using the metaphor of the “mind's eye”, he 

explained how we can perceive categorial forms using sensible objects as a 

referential  basis  to  constitute  states-of-affairs.   Katz was  close  to this 

notion when he talked about mathematical structures which need to be 

purified of all empirical  concepts or  objects.  Despite their similarities, 

there  is  a  difference  between  Husserl's  and  Katz's  notions  of 

“mathematical intuition”.  For Katz, mathematical intuition is closer to a 

mix of categorial intuition and eidetic intuition, with which we are able 

to “perceive” the necessary and  possible formal structures.  On the other 

hand,  for  Husserl,  mathematical  intuition is  the  constitution  of  pure 

categorial  forms  (formal-ontological  categories)  through  categorial 

intuition and categorial abstraction.  Eidetic intuition is only a means for 

essential  insight,  a  way  to  discover  the  necessary  and  possible 

relationships among these formal-ontological and meaning categories.

Also, we find  Husserl's epistemological doctrine to be much richer, 

explaining step by step how do we begin from very basic objectual acts, 

to  how  logic and  mathematics should  be  developed  today.   We  have 

reached with Husserl a satisfactory non-causal platonist epistemology of 

mathematics.

3.2.4 — Scientific Evidence for Mathematical  Intuition

The evidence for mathematical intuition (as Husserl understood it) is 

evident everywhere in the world, in every civilization.  It is not a mystical 

intuition,  but  the  result  of  acts  carried  out  by  our  mind in  order  to 
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constitute  objects and  states-of-affairs.   George  Ifrah shows  how 

categorial intuition manifests in animals:

Some animal species possess some kind of notion of number.  At a 

rudimentary level,  they can distinguish concrete quantities (an 

ability  that  must  be  differentiated  from  the  ability  to  count 

numbers  in  abstract).   For  what  of  a  better  term we  will  call 

animals' basic number-recognition the sense of number. . . .

Domesticated  animals  (for  instance,  dogs,  cats,  monkeys, 

elephants)  notice  straight  away  if  one  item is  missing  from a 

small  set of familiar  objects.  In some species, mothers show by 

their behaviour that they know if they are missing one or more 

than one of their litter.  A sense of number is marginally present 

in such reactions.  The animal possesses a natural disposition to 

recognise that a small set seen for a second time has undergone a 

numerical change.

Some birds have shown that they can be trained to recognise 

more  precise  quantities.   Goldfinches,  when trained  to  choose 

between two different piles of seed, usually manage to distinguish 

successfully between three and one, three and two, four and two, 

four and three, and six and three.

Even more striking is the untutored ability of nightingales, 

magpies, and crows to distinguish between concrete sets ranging 

from one to three or four.

. . .
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What  we  see  in  domesticated  animals  is  the  rudimentary 

perception of equivalence and non-equivalence between sets, but 

only in respect of numerically small sets.  In goldfinches, there is 

something more than just a perception of equivalence — there 

seems to be a sense of “more than” and “less than”.  Once trained, 

these  birds  seem  to  have  a  perception  or  intensity,  halfway, 

between a perception of quantity (which requires an ability to 

numerate  beyond a certain point)  and a  perception of quality. 

However, it only works for goldfinches when the “moreness” or 

“lessness” is quite large; the bird will almost always confuse five 

and four,  seven and five,  eight  and six,  ten and six.   In other 

words, goldfinches can recognise differences of intensity if they 

are large enough, but not otherwise.

Crows  have  rather  greater  abilities:   they  can  recognise 

equivalence and non-equivalence, they have considerable powers 

of memory, and they can perceive the relative magnitudes of two 

sets of the same kind separated in  time and  space.  Obviously, 

crows do not count in the sense that we do, since in the absence 

of any generalising or abstracting capacity they cannot conceive 

any  “absolute  quantity”.   But  they  do  manage  to  distinguish 

concrete  quantities.   They  do  therefore  seem  to  have  a  basic 

number sense.63

From a  husserlian  standpoint,  the  term  “number sense”  is  equivocal, 

since we can perceive categorial objectualities which are not necessarily 

numerical.   There  are  different  categorial  forms  being  considered  in 

these examples of the animal kingdom, none of which is reducible to the 

other,  such  as  “more  than”,  “less  than”,  and  “sets”.64  This  “number 
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sense” only describes the ability animals have of constituting objects as 

groups (sets).  As Husserl would say, at some level in their minds, animals 

use sensible objects as a referential basis for categorial acts, and, for this 

reason, can constitute formal categories in states-of-affairs.

However,  we  must  recognize  that  depending  on  animals'  mental 

faculties,  their  perception  is  limited  to  their  ability  to  grasp  certain 

quantities of objects.  This is no different with humans.  Ifrah carries out 

an experiment which is essentially reproduced in Illustration 6.  Try to 

know  how  many  objects there  are  in  each  frame  without  counting  or  

grouping them mentally, but just by glancing at them.
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Readers  may  have  noticed  that  they  can  grasp  only  up  to  a  specific 

amount of objects at once: one, two, three, or four objects in one frame.  If 

there  are  five,  difficulties  arise,  and  if  there  are  more,  it  is  almost 

impossible  to  know  right  away  the  right  amount  without  mentally 

searching  for  a  pattern,  or  grouping  them,  or  counting  them.   Since 

animals do not know how to count, they have a very limited capacity for 

numbering.   Some isolated  populations  are  not  able  to  count  beyond 

three or four.  For example, the Murray islanders use  numbers “one”, 

“two”, “three”, or, “four” but above that, they call “a crowd of . . .”.  The 

same thing happens with Torres Straits islanders, among other relatively 

isolated civilizations.65

This can explain the adoption of certain kinds of numerals in various 

societies.  We know that many of them adopt numeric systems which are 

base five or ten, merely because we, humans, have ten fingers, five for  

each hand.   However, there are systems which try to make it visually  

easier to identify a number symbolically, such as a four, five, a nine or 

ten, and so on.  This occurs because human eyes have a limit regarding 

how many visual elements they are able to grasp easily at once.  When 

using  a  numeric  representation,  we  do  not  want  to  stop  and  count, 

instead we want to know  at  once  the  number it  refers to.   Take these 

numeric systems as examples.
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To be able to notice each one of these numerals and grasp what they 

represent, we have to either represent high numbers such as five using a 

new single  numeral  or  grouping  the  elements  into  groups  of  twos  or 

threes.  Credit card companies, such as Master Card, make our credit card 

numbers easier to use by separating digits in groups of fours.  This is the 

reason why dashes  are  used in  phone  numbers  and bank accounts  to 

separate digits in groups of threes and fours, so it is easier to dial or to 

memorize them.

Some anthropologists want to challenge the universality of categorial 

intuition (or the existence of universal “number sense” in humans).  For 

example, it has been claimed, especially by Daniel Everett, that the Pirahã 

islanders  have no  number system,  yet  it  has  been  discovered that  an 

extremely  rudimentary  form  of  “number sense”  does  exist  in  that 

society, as well as terms for quantification.66  Despite these misleading 

efforts to show that mathematical  concepts do not appear in all human 

cultures, it is a fact that they appear in different ways and using different 

symbolic representations, as we have just shown above.67

Even babies have this mental ability of constituting  states-of-affairs 

through, in husserlian terms, mixed categorial acts.  For instance, Karen 

Wynn has experimented with five-month-old babies and found that they 

can  perform  elementary  forms  of  mental  arithmetic.   Steven  Pinker 

describes this process beautifully:

In  Wynn's experiment, the babies were shown a rubber Mickey 

Mouse doll on a stage until  their little eyes wandered.  Then a 

screen came up, and a prancing hand visibly reached out from 

behind a curtain and placed a second Mickey Mouse behind the 
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screen.   When  some  screen  was  removed,  if  there  were  two 

Mickey Mouses visible (something that babies had never actually 

seen), the babies looked only for a few moments.  But if there was  

only one doll, the babies were captivated — even though this was 

exactly the scene that had bored them before the screen was put 

into place.  Wynn also tested a second group of babies, and this 

time, after the screen came up to obscure a pair of dolls, a hand 

visibly reached behind the screen and removed one of them.  If 

the screen fell to reveal a single Mickey, the babies looked briefly;  

if it revealed the old scene with two, the babies had more trouble 

tearing themselves  away.   The babies  must have been keeping 

track of how many dolls were behind the screen, updating their 

counts  as  dolls  were  added  or  subtracted.   If  the  number 

inexplicably departed from what they expected, they scrutinized 

the scene, as if reaching for some explanation.68

Even  a  similar  methodology  to  this  one  has  shown  that  five-days-old 

babies are “sensitive to numbers”.69

In our case, thanks in part to mathematical development on the basis 

of Indo-Arabic numerals,  our minds have been to reach even a higher 

level abstraction, to the point that even when on one level our minds 

identify the graphemes with  numbers, on another level we are able to 

understand numbers in an abstract manner,  carry out formalization or 

categorial  abstraction, and deal with  numbers themselves.   We do not 

need to perceive 99,999 and  1 sensible  objects (which is  impossible in 

light of our visual experiment) to know that 99,999+1 must equal 100,000. 

We see  our  eidetic  intuition in  action  when we  recognize  a  necessary 
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relationship between three different numbers: 99,999, 1, and 100,000.  We 

can even grasp at once the universality and necessity of equations such 

as “a + b = b + a”.  We are able to reach a level of abstraction that lets us 

posit all kinds of mathematical  concepts and  discover their scientificity, 

many of them not grasped on a sensible basis, like negative, irrational, 

imaginary (negative roots), and other sorts of numbers.

Today,  cognitive  science  and  neurobiology  are  still  exploring  our 

mathematical minds.  The way numbers are represented are recorded in 

the brain and interconnected with other parts of it.  We know this in part 

because  of  the  phenomenon  of  synesthesia.   The  color-number 

synesthesia occurs  when  the  part  of  the  brain  which  records  the 

grapheme representation of numbers cross-connects with the V4 (a color 

area  of  the  brain).   Thus,  when  synesthetes  look  at  the  graphical 

representation of a  number (e.g. Indo-Arabic numerals) they see colors. 

Other sorts of  number-color synesthetes have this cross-connection in 

higher level processes of the brain occurring nearby the angular gyrus, 

where numbers are dealt in a more abstract manner.

There  are  also  other  sorts  of  synesthesia which  reveal  the  link 

between  image  and  abstraction,  and  this  can  be  seen  very  clearly  in 

number-line  synesthesia (also  known  as  number-form  synesthesia), 

where synesthetes  actually  see  numbers  occupying different  points  of 

three-dimensional space.  Sometimes, the shapes these numbers form in 

space, can let synesthetes see their relationships in very different ways.  

Some people can even “feel” sensibly these  numbers around them.  Sir 

Francis Galton, a cousin of Charles Darwin, made this drawing following 

the description of a number-line synesthete.70
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ILLUSTRATION 8

Apparently this happens in part because we think in terms of images, and 

our minds give them meaning, so we can deal with them in an abstract 

level.71  V. S. Ramachandran believes that, although mathematicians deal 

with a high degree of abstract  numbers, it  may be that at some level, 

their minds are dealing with images and then give them their respective 

meaning, which accounts for  number-line  synesthesia when some parts 

of our brain interconnect in the wrong manner.  One of the best known 

number-line synesthetes is Daniel  Tammet, who has a form of autism, 

and was born with Savant Syndrome.  He can describe the shape, color, 

and texture of numbers up to 10,000, and can see numeric calculations as 

landscapes.  One day, he was able to say correctly from his mind the first 

22,514 decimal digits of the number π for five hours and nine minutes.72

At some point, these complexities of our brain reveal that our ability 

to record graphical representations of  numbers seems to be associated 

with the way we perceive formal structures in states-of-affairs, especially 

in  terms  of  how  we  organize  objects mentally  as  they  are  grasped 

sensibly, and then we learn to formalize these  objectualities in order to 
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move to higher-level abstract  mathematics.  We do not know yet fully 

how this happens, but research in this area is being very fruitful.

This mental ability to organize objects formally in different ways can 

account for our many ways we can organize  objects to turn them into 

“events”, as this term is usually understood.  Husserlian semantics and 

epistemology can help us understand perfectly well that several distinct 

states-of-affairs (or “events”) can have the same  situation-of-affairs as 

sensible basis.  Sometimes, these issues are as important as how much an 

insurance will give a victim.  One of the most famous examples can be 

seen in the case of the attacks of September 11, 2001.  Ask yourselves, 

how many “events” happened that day?  Here are some answers:

• One single plan was carried out.

• Two of the Twin Towers were attacked and collapsed.

The  insurance  company  which  covered  both  buildings  had  assured  a 

payment of $3.5 billion “per destructive event” to the leaseholder.  An 

event, or a state-of-affairs (in husserlian terms), could cost the insurance 

$3.5,  while  two  events  would  require  it  to  pay  $7.0  billion.   After 

addressing  this  problem  in  court,  it  was  decided  that  only  one event 

occurred.  As Steven Pinker asks, with a sense of humor:  “How much is a 

semantic distinction worth?” The answer is “$3.5 billion”.73

3.3  — Platonism and the Fal l ibi l ity of  Knowledge

One  of  the  least  understood  aspects  of  platonism is  that  of  the 

fallibility  of  mathematical  knowledge.   For  many  antiplatonists,  the 

infallibility  of  logical  and  mathematical  truths implies  necessarily  the 

infallibility of logical and  mathematical  knowledge.  Also, they make the 
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mistake  of  equating  a  priori knowledge  with  the  infallibility of  a  priori 

knowledge.  These are non sequiturs, because these arguments imply that 

for an infallible logical or mathematical  truth to exist,  our knowledge 

about it  has to be infallible.  It would be like saying that Uranus never 

existed for millenia,  because humans never knew about it  during that 

time.  If we take it to the extreme suggested by antiplatonists, that we 

have to know every single infallible  truth of  the  logical-mathematical 

realm  for  it  to  exist,  then  Uranus  still  would  not  exist,  because  our 

knowledge about it is limited and not infallible.

In  fact,  for  platonists,  logic and  mathematics are  science  in  the 

original  sense of  the  word  “episteme”  in  Greek.   They  provide  formal 

knowledge.  The way we grasp its objects of study is completely different 

from that of natural science.  For example, in the case of natural science, 

it  is  not  enough  to  formulate  consistent  theories,  we  need  to  find  the  

empirical  correlates which  might  indicate  that  our  theories  are  indeed 

correct.   As  formal sciences,  logic and  mathematics do not proceed in 

such a way.  Let us see two very simple, but clear, examples, one of logic 

and one of mathematics.

THEOREM.  Modus Ponens preserves truth; so if α and αβ are true in  

an interpretation I, then β has to be true in I.

PROOF.  Let us suppose that α and αβ are true in I, but that β is 

false in I.  If α is true and β false in I, then that would mean that αβ 

should  be  false  according  to  the  definition  of  implication.   This, 

however, would contradict the theorem's position that  αβ is true. 

Therefore β should be true in I.



THE RELATION BETWEEN FORMAL SCIENCE AND NATURAL SCIENCE —  85

This very simple, well known logical proof shows us that we do not have 

to  appeal  to  experience  in  any  way,  its  truth relies  solely  in  its  own 

definitions, rules, and axioms.

Let us see now an example in mathematics:

THEOREM.  There is no rational number c which satisfies c²=2, so √2 is  

an irrational number.

PROOF.  An irrational number is that which cannot be expressed as 

a fraction (a ratio).  Suppose that there is a fraction p/q reduced to its 

lowest terms, in such a way that.

( p
q )

2

=2

p2=2 q2

This means that regardless of q's numerical value, p has to be an even 

number.  Therefore, the value of  p is 2a.  If we substitute  p for 2a, 

then we will obtain the following equation:

(2a )2=2q2

Therefore:

2q2
=4 a2

q2
=2 a2

This  means  that  q is  an  even  number.   If  p and  q are  both  even 

numbers, then that means that they can both be divisible by two, so 

the  fraction  p/q is  not reduced  to  the  lowest  terms.   This  would 

contradict the hypothesis of this proof which states that the fraction 



86  — Underdetermination of Science – Part I

is reduced to the lowest terms.  Hence, there is no rational number c 

which satisfies c²=2.

We can see here that there is no appeal at all to sensible experience in 

order to prove that √2 is an irrational number.

For platonists, both of these theorems are true and have always been 

timelessly  true.   What  we  have  done  is  not  an  “invention”  or  a 

“construction” of  logical  or mathematical  truths,  but a  discovery.   The 

notion of discovery implies that these truths have existed, but were not 

previously  known,  and  they  constitute  mathematical  knowledge.   If 

platonists  argue  that  we  discover such  objects,  then  the  view  that 

platonism posits infallible knowledge is invalid.

We should point out too that given that  logic and  mathematics are 

analytic disciplines, and carry out their proofs in a completely different 

way than natural-scientific  theories (as a body of  synthetic-a posteriori 

propositions), we can see a qualitative difference between formal sciences and 

natural  sciences.   We  are  now  using  husserlian  semantics,  which  also 

regard synthetic-a priori propositions as belonging to the realm or truths-

of-reason,  along  with  analytic-a  priori judgments.   Here,  we  are 

embracing this point of view, and will  serve to clarify this  discussion. 

Quine's  criticism is  made  at  the  time where  Kantian synthetic-a  priori 

judgments  were  rejected,  and  the  husserlian  version  was  not  even 

considered.   When  Quine attacked  the  analytic/synthetic distinction, 

essentially he was rejecting the difference between truths-of-reason and 

truths-of-fact as they were defined by  Leibniz and  Hume, and which he 

equated with the classic notions of  analytic and  synthetic propositions 

respectively.   Yet  as  we  have  shown,  analytic-a  priori (logic and 
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formalized mathematics) and synthetic-a priori disciplines (such as classic 

geometry) in the husserlian  sense are fundamentally different from all 

sorts of truths of  natural sciences, which belong to the realm of truths-

of-fact (synthetic-a  posteriori).   Quine was  wrong  in  denying  the 

dichotomy between truths-of-reason and truths-of-fact on the basis that 

there is  no qualitative difference between them.  There  is  a difference in 

kind, and not merely in degree of abstraction.

We still need to confront a usual objection against platonism which 

goes like this:  mathematics is an empirical enterprise because it is often 

difficult to prove certain theorems, because their proof is too long and, 

sometimes, important factors are missing.  Philip Kitcher, is a partisan of 

this view:

We suppose, with the apriorist, that when we follow a proof we 

begin by undergoing a process which is an a priori warrant belief 

in an axiom.  The process serves as a warrant for the belief so 

long as it is present to mind.  As we proceed with the proof, there 

comes a stage when we can no longer keep the process and the 

subsequent  reasoning  present  to  mind:   we  cannot  attend  to 

everything  at  once.   In  continuing  beyond  this  stage,  we  no 

longer believe the axiom on the basis of the original warrant, but 

rather  because  we  recall  having  apprehended  its  truth in  the 

approximate  way.   However,  this  new  process  of  recollection 

although  it  normally  warrants  belief  in  the  axiom,  does  not 

provide an  a priori warrant for the belief.  So, when we follow 

long proofs we lose our a priori warrants for their beginnings.74
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But this argument does not refute the fact that  logic and  mathematics 

considered in themselves are  a priori,  nor does it refute the statement 

that we have some  a priori knowledge.  All this argument shows is that 

our knowledge and psychological processes are  limited, and that we are 

not  fully  able  to  grasp  the  truth of  certain  logical  or  mathematical 

propositions.   But  through a  revision  of  the  deductive  process,  using 

mathematical truths known by all mathematicians, the flaws of such a 

“long proof” can be shown and, sometimes, corrected.

Sometimes there is no proof, because the mathematical conjecture is 

simply wrong, but we do not know yet that this is the case.  James R. Brown 

shows  the example  of  Euler's  conjecture,  which  is  a  generalization of 

Fermat's Last Theorem.  It states the following:

. . . if n ≥ 3, then fewer than n nth powers cannot sum to an nth 

power.  As a special case, this means that there are no solutions 

{w,x,y,z} to equation w4+x4+y4=z4.  The conjecture was well tested 

by examples, and for about two centuries was widely believed as 

[Fermat's Last Theorem].  However, counter-examples have been 

found  recently,  for  example,  2,682,4404 + 15,365,6394 + 

18,796,7604 = 20,615,6734.75

So,  Euler's conjecture was always false, even when everyone  thought it 

was true.  The point platonists wish to make is not that our knowledge of  

the logico-mathematical realm is infallible, but that sometimes many of 

these  a  priori truths  can  be  discovered  either  by  proving  a  certain 

conjecture, or providing its refutation on a priori basis.  Regardless of our 

beliefs  in  them  as  true  or  false,  they  have  nothing  to  do  with  their 

objective truth value.
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3.4  — Why do Mistakes  Occur?

Most of our mistakes made in  mathematics are due to three main 

reasons:76

1. We could  formulate  false  mathematical  conjectures,  but  not  know 

that they are actually false.  This is the case of Euler's generalization 

of  Fermat's  Last  Theorem,  which  we  have  shown  above,  or  David 

Hilbert's belief in the completeness of mathematics.  In both cases, it 

was the a priori certainty of mathematics which led to the discovery of 

these conjectures' falsity.   These refutations do not mean, as some 

melodramatic thinkers suggest, that mathematics is doomed to be too 

uncertain, and that its truths are fallible human inventions, nor does 

it mean that because this sole aspect has a superficial similarity with 

the  scientific  activity  of  conjecturing  and  refuting,  it  belongs  to 

natural science.77  It is an exaggerated claim to say that because some 

of  these  conjectures  were  false,  there  can  only  be  “disasters”  in 

mathematics.78  On  the  contrary,  due  to  the  refutation  of  these 

conjectures,  we have more  certain knowledge of  mathematics:   our 

knowledge about Euler's conjecture is now more certain than before 

we knew it was false.

2. The use of wrong and naïve  concepts about mathematical notions is 

also a source of mistakes. For example, some of the ancient Greeks 

associated  numbers with geometrical  objects,  and adhered to these 

concepts  the  notion  of  perfection  (circles,  squares,  or  equilateral 

triangles  as  perfect  shapes).   Of  course,  the  number 3  cannot  be 

identified with the equilateral triangle, nor is 4 identified with the 

square, etc.  Nor are these numbers expressing perfection of any kind. 
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Also,  the  misconception  of  numbers  as  distances  prevented  many 

philosophers  in  history  to  adopt  negative  numbers  and  negative 

roots,  and  regarded  them  as  contradictory  to  certain  axioms  of 

mathematics.  Simultaneously, this conception of numbers prevented 

many ancient mathematicians from developing a theory of complex 

numbers.

3. Incorrect  application  of  accepted  principles  can  be  a  source  of 

mistakes.  This phenomenon can be shown with a simple example. Let 

us suppose that x = 1.  Following the algebraic rules, we multiply both 

sides of the equation with the same variable x:

x2=x

x2−1=x−1

(x−1)(x+1)=( x−1)

If we divide both sides by x – 1, the result will be:

x+1=1

x+1−1=1−1

x=0

Therefore, x = 1 leads to x = 0.  This is a mathematical impossibility 

because  x cannot  be  1  and  0  simultaneously.  Although  this 

demonstration seems to follow correctly all algebraic laws, in reality 

it does not.  If the premise is that x = 1, then x – 1 would be zero, and 

division by zero is forbidden in algebra.  The mistake was to divide 

both sides of the equation by x – 1.79
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As  we  have  seen,  we  must  be  careful  not  to  confuse  platonism with 

certainty  of  knowledge.  Our knowledge  of  abstract  objects is  indeed 

affected by our limits and fallibility, but that does not mean that there is 

no  a  priori knowledge  of  logical  and  mathematical  truths,  especially 

mathematical  objects.   Mathematical  conjectures,  to  attain  absolute 

certainty, must be proved or refuted a priori; if they are not, then they are 

just that:  conjectures.

Notes
1 Dummett, 2002, p. 20.

2 Benacerraf, 1983, p. 408.

3 Benacerraf, 1983, p. 409.

4 Bunge, 1997, pp. 66, 76.

5 Chateaubriand, 2005, p. 376; quoted in Rosado, 2007, p. 25.

6 “EPR”  refers  to  the  so-called  Einstein-Podolsky-Rosen  Paradox  (“EPR 
Paradox” for short).  Albert Einstein, Boris Podolsky, and Nathan Rosen tried 
to refute the claim made by quantum physicists that somehow the observers 
have influence over quanta.  They made their case the following way: suppose 
there is a positronium and that it releases two photons which travel to two 
opposite  sides  of  the  galaxy.   Quantum theory  suggests  that  the  photons 
would literally be anywhere within a probabilistic path.  However, there are 
two detectors on both sides of the galaxy, and despite the fuzzy path of the 
photons,  those two detectors will  detect both photons at exactly the right 
locations.  Given that faster-than-light communication among both photons 
is  impossible,  the photons  would “magically”  know where and when each 
other is being detected to locate each other at exactly the right positions.  For 
them, this shows that the Copenhagen interpretation of quantum phenomena 
is wrong, since it leaves unexplained how does this happen.  In other words, 
quantum physics as formulated is not complete.  The EPR machine operates in 
a slightly different manner.  Based on suggestions by physicist David Bohm, 
this  machine  does  not  measure  position  but  spin,  making  and  EPR-like 
experiment possible  (Popper,  2000,  pp.  14-25).   For more details:   Greene, 
2004, pp. 99-117.



92  — Underdetermination of Science – Part I

7 A positronium is an atom consisting of an electron and a positron.

8 Brown, 1999, pp. 16-17.

9 Bunge, 1997, p. 65.  Originally,  he used Minerva and Mafalda, but it  is the 
same idea.

10 Bunge, 1997, p. 72.

11 e.g. T. pp. 58-59; LI. Vol. I. §§33-38.

12 Quine, 1953, pp. 20-46; Bunge 65, 75.

13 Bunge, 1997, pp. 75-76.

14 Bunge's  position  is  paradoxic.   On  one  hand,  he  accepts  the  existence  of 
conventions, which do belong to the cultural realm.  On the other hand, he 
says  that  no  cultural  abstract  products  exist  beyond  the  brain.   Then 
conventions cannot exist in any real sense, because they are abstract.  The 
cultural  realm is  rejected also by Bunge,  especially  as  a  form of  rejecting 
Popper's World 3.

15 FA. pp. 33-38.

16 FA. pp. 33-38, 47-51.

17 Popper, 1994, pp. 50-51, 52.  Oddly enough, he included Husserl in the list of 
those who had a similar notion to his “world 3”, yet he discarded Husserl, 
because,  supposedly, he fell into psychologism again (Popper,  1994, pp. 49, 
51).  Yet, as we know now, this belief was the result of all sorts of baseless 
accusations  against  Husserl,  mostly  from  misunderstandings  in  analytic 
philosophy.

18 Popper, 1934/1999, pp. 67-68, 94-95.

19 Popper, 1994, p. 102.

20 Popper, 1994, pp. 101-104.

21 T. p. 69.

22 Popper, 1972, pp. 107-108.

23 Popper, 1994, pp. 29-30.



THE RELATION BETWEEN FORMAL SCIENCE AND NATURAL SCIENCE —  93

24 Popper, 1972, pp. 106-152.

25 LI. §36.

26 Popper, 1972, p. 329.

27 Katz, 1998, p. 33.

28 Katz, 1998, p. 33.

29 Brown, 1999, p. 13.

30 Brown, 1999, pp. 13, 15.

31 Brown, 1999, p. 15.

32 Brown, 1999, pp. 15-18.

33 Brown, 1999, p. 14.

34 Katz, 1998, p. 1.

35 Katz, 1998, p. 24.

36 Katz, 1998, pp. xxxii, 38.

37 Katz, 1998, pp. 34-35.

38 Katz, 1998, p. 36.

39 Katz, 1998, pp. 36-41.

40 Katz, 1998, pp. 39-40.

41 Katz, 1998, p. 45, my italics.

42 FC. pp. 17-18.

43 Katz, 1998, pp. 48-51.

44 Katz, 1998, pp. 51-58.

45 Katz, 1998, p. 73.



94  — Underdetermination of Science – Part I

46 Katz, 1998, pp. 73-74.

47 Katz, 1998, pp. 26-28, 54, 55.

48 For instance, “the set of all my children” is an example of “impure sets” (Katz, 
1998, p. 133).

49 I. §28.

50 LI. Vol. II. Inv. VI. §45.

51 LI. Vol. II. Inv. VI. §46.

52 LI. Vol. II. Inv. VI. §60.

53 LI. Vol. II. Inv. VI. §46.

54 EJ. §61.

55 LI. Vol. II. Inv. VI. §60.

56 LI. Vol. II. Inv. VI. §60.

57 LI. Vol. II. Inv. VI. §§52, 60; I. §§3, 9-10.

58 LI. Vol. I. §67; LI. Vol. II. Inv. VI. §§42-44, 55, 61, 63-64.

59 FTL. §§7, 9; EJ. §§3, 11.

60 LI. Vol. I. §67; LI. Vol. II. Inv. IV. §§10-14; LI. Vol. II. Inv. VI. §59; FTL. §§12-13.

61 LI. Vol. I. §68; LI. Vol. II. Inv. IV. §12; FTL. §§14-22.

62 LI. Vol. I. §§69-70; FTL. §28-36.

63 Ifrah, 2000, pp. 3-4.

64 Husserl, 1994/2004, pp. 12-19.

65 Ifrah, 2000, p. 6.

66 Nevins, et al., 2009, p. 356, 384-389; Pinker, 2007, p. 138-140.

67 Brown, 1991, pp. 46, 69.



THE RELATION BETWEEN FORMAL SCIENCE AND NATURAL SCIENCE —  95

68 Pinker, 1994, p. 59.  See Wynn, 1992.

69 Pinker, 1994, p. 59.

70 Ramachandran, 2007, p. 157; Ramachandran & Hubbard, 2001, pp. 16-17.

71 Damasio, pp. 106-108.

72 Pi, 2004.

73 Pinker, 2007, pp. 1-6. 

74 Kitcher, 1984, pp. 44-45.

75 Brown, 1999, p. 166.

76 Brown, 1999, pp. 18-23.

77 Kline, 1985, pp. 391-427.

78 Kline, 1985, pp. 3-7.

79 Bunch, 1982, p. 13.



Please, consider clicking

this Link or Using the QR Code Below

to Give a Donation, and Encourage

the Author's Work

http://pmrb.net/uos/?q=donations
http://pmrb.net/uos/?q=donations
http://pmrb.net/uos/?q=donations
http://pmrb.net/uos/?q=donations


  4  

Formal Science and Natural Science

Having established natural science as dealing with the physical world, 

and  formal  science as  dealing  with  ideal categorial  forms  and  their 

essential  relationships  between them,  we proceed to explore how any 

natural-scientific theory is able to revise  logic and  mathematics, just as 

Quine suggested.

4.1  — The Quine-Putnam Theses

One of the most controversial subjects in philosophy of science has to 

do with the underdetermination or subdetermination of natural science. 

Most people refer to the  Duhem-Quine Thesis as  one of its  foundations. 

There is no such thing as the Duhem-Quine Thesis.  As famous as this “thesis” 

may be, Pierre  Duhem and W. V. O.  Quine held different points of view 

concerning natural science and how its theories affect other branches of 

knowledge.

This should be corrected because this term has been used in the fields 

of  epistemology  and  philosophy of  science  as  some  form  of  infallible  

dogma of faith.  Donald  Gillies made an excellent exposition about the 

similarities and differences regarding Duhem's thesis and Quine's thesis. 

Pierre  Duhem said that in the case of  physics (and  only in  physics) an 

experiment  can  never  condemn  an  isolated  hypothesis,  but  a  whole 
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theoretical  group.   What  is  really  put  to  the  test  is  not  merely  a 

hypothesis,  but a whole  set of hypotheses, laws, and theories logically 

interconnected with it.1  This aspect of physics does not extend to other 

branches  of  science  such  as  medicine  and  physiology,  and  does  not 

include formal science.2  In fact, Duhem refused to think that the general 

theory  of  relativity was  legitimate,  because  its  use  of  non-euclidean 

geometry goes against our intuition that space is euclidean.3

Quine held  a  very  different  point  of  view  in  “Two  Dogmas  of 

Empiricism”.   He  denied  the  classic  distinction  between  analytic and 

synthetic propositions, and,  as  a result,  he concluded that there is  no 

actual distinction between formal science and  natural science except in 

degrees of abstraction.  Since there is no distinction among both sciences, 

all of the formal and natural posits are nothing more than convenient 

fictions.  Quine says the following in “Two Dogmas”:

If  this  view is  right,  it  is  misleading to speak of  the empirical  

content  of  an  individual  statement  —  especially  if  it  is  a 

statement at all  remote from the experiential periphery of the 

field.  Furthermore it becomes folly to seek a boundary between 

synthetic statements,  which  holds  contingently  on  experience, 

and  analytic statements,  which  hold  come  what  may.   Any 

statement can be held true come what may, if we make drastic 

enough adjustments elsewhere in the system.  Even a statement 

very  close  to  the  periphery  can  be  held  true  in  the  face  of 

recalcitrant experience by pleading hallucination or by amending 

certain statements of the kind called logical laws.  Conversely, by 

the same token, no statement is immune to revision.  Revision 

even of the logical law of the excluded middle has been proposed 
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as  a  means  of  simplifying  quantum mechanics;  and  what 

difference is there in principle between such a shift and the shift 

whereby  Kepler  superseded  Ptolemy,  or  Einstein Newton,  or 

Darwin Aristotle? . . .

As an empiricist I continue to think of the conceptual scheme 

of science as a tool, ultimately, for predicting future experience 

in  light  of  past  experience.   Physical  objects are  conceptually 

imported into the situation as convenient intermediaries — not 

by definition in terms of  experience,  but  simply as irreducible 

posits comparable, epistemologically, to the gods of Homer.  For 

my part I do, qua lay physicist, believe in physical objects and not 

Homer's  gods;  and  I  consider  it  a  scientific  error  to  believe 

otherwise.  But in point of epistemological footing the physical 

objects and the gods differ only in degree and not in kind.  Both 

sorts of entities enter our conception only as cultural posits. . . .

The  over-all  algebra  of  rational  and  irrational  numbers  is 

underdetermined  by  the  algebra  of  rational  numbers,  but  is 

smoother and more convenient;  and it  includes  the algebra of 

rational  numbers  as  jagged  on  gerry-mandered  part.   Total 

science,  mathematical  and natural  and human, is  similarly but 

more extremely underdetermined by experience.  The edge of the 

system must be kept squared with experience; the rest with all its 

elaborate myths or fictions, has as its objective the simplicity of 

laws.4

As we can see, Quine's proposal is much more radical than Duhem's, and 

it does extend to practically to all fields of knowledge, including every- 
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day knowledge, even reaching logic and mathematics. He used the case of 

quantum logic as his evidence.

Hilary  Putnam is  a  bit  more  careful  than  Quine.   He  says  that 

propositions such as “2 + 2 = 4” without a doubt are true and not subject 

to revision.  However, he holds the belief that there are mathematical  

propositions that  are  “quasi-empirical”,  which  may  be  revised. 

Therefore there is  no such thing as  a priori knowledge.5  He seems to 

equate  revisability  with  empirical  experience,  and,  in  his  mind, 

empiricism implies  revision of  supposed  a priori knowledge.   We have 

already argued against Kitcher that a prioricity is not incompatible with 

revisability.6  Also  Putnam shows the example of  quantum logic as  an 

instance of revisability in classic logic.  He says:

[in  rejecting]  the  traditional  philosophical  distinction  between 

statements  necessary  in  some  eternal  sense and  statements 

contingent in some eternal sense . . . could some of the 'necessary 

truths' of  logic ever turn out to be false  for empirical reasons?  I 

shall argue that the answer to this question is affirmative.7

I am inclined to think that the situation is not substantially 

different in logic and mathematics.  I believe that if I had the time 

I could describe for you a case in which we could have a choice 

between accepting a  physical  theory based upon non-standard 

logic,  on  the  one  hand,  and  retaining  standard  logic and 

postulating hidden variables on the other.  In this case, too, the 

decision to retain the old logic is not merely the decision to keep 

the meaning of certain words unchanged, for it has physical and 

perhaps metaphysical consequences.  In quantum mechanics, for 
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example, the customary interpretation says that an electron does 

not have a definite position measurement; the position measure-

ment causes the electron to take on suddenly the property that 

we  call  its  'position'  (this  is  the  so-called  'quantum jump'). 

Attempts  to  work  out  a  theory  of  quantum jumps  and  of 

measurement  in  quantum mechanics  have  been  notoriously 

unsuccessful to date.  It has been pointed out that it is entirely 

unnecessary  to  postulate  the  absence  of  sharp values  prior  to 

measurement and the occurrence of  quantum jumps,  if we are 

willing  to  regard  quantum mechanics  as  a  theory  formalized 

within a certain non-standard logic, the modular logic proposed 

in 1935 by Birkhoff and von Newmann, for precisely the purpose 

of formalizing quantum mechanics.8

Therefore, here we have two philosophers who seem to argue that 

natural science can indeed revise formal science.  Their statement can be 

summarized in two theses, which shall be called here “the Quine-Putnam 

Theses”:9

1. First  Quine-Putnam Thesis:   Mathematics and  logic can be revised in 

light  of  recalcitrant  experience  as  well  as  changes  in  scientific 

theories.

2. Second  Quine-Putnam Thesis:   Mathematics exists  only  because  it  is 

indispensable  to  science.   This  is  the  so-called  “indispensability  

argument”.

Here I shall discuss both of these theses in light of the case they present 

and the refutation of such claims.
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4.2  — Quantum Logic

As we have seen with Quine and Putnam, one of their cited cases is  

the possibility that quantum physics “revised” classic logic with quantum 

logic,  which  has  as  its  basis  the  empirical  data  of  quantum behavior. 

According  to  classic  logic,  this  well-formed-formula,  one  of  the 

distributive laws, is a tautology:

(α∧(β∨γ))((α∧β)∨(α∧γ))

If this is a tautology, then it is always true, regardless of the truth value 

assigned to its propositional variables.  However, this logical truth would 

not seem to hold in quantum physics.  Martin Curd and J. A. Cover give us 

an example of how this is so.  Let us look at the following illustration:

ILLUSTRATION 9

This is the famous double-slit experiment.  If we have a light source on 

one side of a panel with two slits, we will be able to see an interference 

pattern in a screen at the other side.  If we conceive light as a wave, we 

will be able to account for the interference pattern in the screen.  If we 
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conceive light as made up of photons (light particles), we are unable to 

explain this phenomenon.  According to our experience with particles, 

the interference pattern should not appear, we should see instead a set of  

two light bands corresponding to the two slits in the panel.  What would 

happen  if  we  fire  one  photon  through  one  slit,  another  through  the 

other,  and  repeat  this  process  indefinitely?   The  result  would  be, 

surprisingly, an interference pattern.  If we fire photons only through 

one of the slits, only one light band corresponding to the slit will appear. 

How does the photon “know” that the other is going to pass through the 

other slit to form an interference pattern?  One hypothesis suggests that 

we are not talking about two different photons,  but  one and the  same 

photon passing through both slits in order to show the pattern.

Now, let us suppose that p is the proposition “The photon is in region 

R of the screen”, q1 is the proposition “The photon went through slit 1”, 

and q2 stands for the proposition “The photon went through slit 2”.  If the 

photon  goes  through  slit  1  or  slit  2,  we  do  not  see  the  interference 

pattern formed in the screen.   However,  if  they go through both slits 

simultaneously, then we can see the pattern.  Therefore, this means that:

p∧(q1∨q2)

should not interderive with:

(p∧q1)∨(p∧q2)

This is the case in the  quantum world, because a photon is assumed to 

pass through both slits, not one.10  Is this a refutation of classic logic on 

empirical grounds, just as Quine and Putnam suggest?
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4.3  — Refutation of  the First Quine-Putnam Thesis

4.3.1 — About the Problem of Quantum Logic

One of the big ironies of philosophy is that one of the philosophers 

who proposed the First Quine-Putnam Thesis was precisely the one who 

refuted  aspects  of  it:   W.  V.  O.  Quine.   In  his  Philosophy  of  Logic,  he 

discussed many cases of the so-called “deviant logics”, one of them being 

quantum logic.11  Many of those who favor and those who oppose Quine 

pay no attention to this very important retraction from statements he 

made in “Two Dogmas”.

For  Quine,  to  deny  a  law  of  logic or  redefine  logical  connectives 

according to quantum phenomena would be “changing the subject”.  In 

classic logic, the meaning of logical connectives is defined by their truth 

values.  Quantum logic is not truth functional, and we cannot determine 

through truth tables whether a conjunction, a disjunction, or implication 

means the same as in classic logic.  Therefore, quantum logic can hardly 

be considered a refutation of classic logic.  At most, it is an alternative to 

classic logic, but not its refutation.12  He said from a pragmatic view:

. . .  I would cite again the maxim of minimum mutilation as a 

deterring consideration.  . . .  let us not underestimate the price 

of a deviant logic.  There is a serious loss of simplicity, especially 

when the new [quantum] logic is not even a many-valued truth-

functional  logic.  And there is a loss,  still  more serious, on the 

score of familiarity.  Consider again the case . . . of begging the 

question in an attempt to defend classical negation.  This only 

begins  to  illustrate  the  handicap  of  having  to  think  within  a 
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deviant  logic.   The  price  is  perhaps  not  quite  prohibitive,  but 

returns had better be good.

. . .  Now the present objection from quantum mechanics is in 

a  way  reminiscent  of  this,  though without  the  confusion.  .  .  . 

Certainly a  scientist  admits  as  significant  many sentences  that 

are not linked in a distinctive way to any possible observations. 

He  admits  them  so  as  to  round  out  the  theory  and  make  it 

simpler, just as the arithmetician admits the irrational  numbers 

so as to round out arithmetic and simplify computation; just, also 

as the grammarian admits such sentences as Carnap's 'This stone 

is  thinking  about  Vienna'  and  Russell's  'Quadruplicity  drinks 

procrastination' so as to round out and simplify  the grammar. 

Other things being equal, the less such fat the better; but when 

one  begins  to  consider  complicating  logic to  cut  fat  from 

quantum physics,  I  can believe  that  other things  are  far  from 

equal.  The fat must have been admirably serving its purpose of 

rounding out a smooth theory, and it is rather to be excused than 

excited.13

Many other philosophers  and scientists  have objected to  quantum 

logic for not helping us understand what happens in the quantum world. 

For many of them, such a  logic only shifts the mystery from  quantum 

physics to logic.14  It is for this reason that many philosophers of science 

as  well  as  many  scientists  themselves  have  completely  rejected  the 

Copenhagen interpretation of quantum phenomena.

Also,  from  an  epistemological  standpoint,  this  is  one  attempt  to 

translate quantum phenomena given in experience (a posteriori), to turn 
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them into a priori logical laws of quanta.  The problem relies in the fact 

that, ideally speaking, there can be numerous possible explanations for 

that phenomenon, some which may not have been formulated yet.  Those 

who favor  quantum logic only rely on one particular interpretation of 

quantum phenomena,  and  turn  what  apparently  is  a  contradiction  in 

light  of  classic  logic into  a  new  kind  of  logic.   The  fallacy  of  this 

procedure can be seen clearly once we realize that this logic is only valid 

within a particular a posteriori natural-scientific theory.  If in the future 

such a theory is refuted or abandoned, this new  logic will  cease to be 

valid.  However,  historically,  classic logical laws have  always remained 

true  regardless  of  which  a  posteriori natural-scientific  theories  are 

adopted.

There is also an aspect of quantum logic which begs the question.  It 

is assuming this logical statement is implicitly held in classic logic:

((p∧(q1∨q2))↔((p∧q1)∨(p∧q2)))↔((q1↔¬q2)∧(q2↔¬q1))

Yet, in classic binary logic, this is a contingency, because the distributive 

law allows for the logical possibility of the simultaneous truth of both q1 

and q2, i.e. it is logically possible for one photon to go through one slit and 

go through the other.  The distributive law would only be false in the 

quantum world if the disjunction were exclusive, yet it is  inclusive.  No 

revision of classic logic on the basis of empirical data is necessary.

The norm in science is  never to change or revise  the axioms and 

theorems of formal sciences such as logic and mathematics on empirical 

grounds,  but  to change the natural-scientific  theory so it  is  consistent with  

logico-mathematical  laws  and  truths.   There  is  a  very  simple,  but  good 

example given by Carl G. Hempel about this:
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. . . consider now a simple “hypothesis” from arithmetic 3+2=5. 

If  this  is  actually  an  empirical  generalization  of  the  past 

experiences,  then  it  must  be  possible  to  state  what  kind  of 

evidence  would  oblige  us  to  concede  the  hypothesis  was  not 

generally  true after all.   If  any disconfirming evidence for the 

given  proposition can be  thought of,  the  following illustration 

might well be typical of it:  We place some microbes on a slide, 

putting  down  first  three  of  them  and  then  another  two. 

Afterward  we  count  all  the  microbes  to  test  whether  in  this 

instance 3 and 2 actually added up to 5.  Suppose now what we 

counted  6  microbes  altogether.   Would  we  consider  this  an 

empirical disconfirmation of the given proposition, or at least as 

a proof that it does not apply to microbes?  Clearly not; rather, we 

would assume we had made a mistake in counting or that one of  

the microbes had split in two between the first and second count. 

But  under  no  circumstances  could  the  phenomenon  just  described  

invalidate the arithmetical proposition in question.15

This illustrates  very well  the  relationship between  formal  science and 

natural  science.   Some  events  in  natural  science seem  to  revise 

mathematics, when in reality they do not.   Let us see two more cases  

where revisability of a priori knowledge seems to be the case.

4.3.2 — General  Theory of Relativity and Non-Euclidean 

Geometry

One of the most cited arguments in favor of revision of mathematics 

in light of empirical discoveries is the general theory of relativity and its 
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adoption of non-euclidean geometry.  It can be said, for instance, that 

Einstein's discovery of physical  space-time being non-euclidean refuted 

euclidean geometry.16  However, we must look carefully at these claims to 

understand well  what  Einstein really did  in  the  case  of  non-euclidean 

geometry and his theories of relativity.

To  be  able  to  understand  well  what  happens  in  the  relationship 

between geometry in  general  and the general  theory of  relativity,  we 

should examine the reason why non-euclidean geometry was developed. 

One of the most significant statements which defines euclidean geometry 

is the so-called “axiom of the parallels”, which states that given a line a 

and a non-collinear point  P, there is one and only one line  b that goes 

through point P which is parallel to the given line a.

P
•

ILUSTRATION 10

For many mathematicians, this axiom seemed to be self-evident, but for 

others it was not.  The same assumption was necessary for the proof of 

the theorem that stated that the sum of the angles of a triangle is  180°. 

The more  mathematics became formalized,  abstract,  and rigorous,  the 

more the supposed self-evidence of  the  axiom and the validity  of  the 

theorem were questioned.17  In the eighteenth and nineteenth centuries, 

there was a conviction among some mathematicians that to deny such an 

“axiom” would not lead to any contradictions.

After  trying  to  prove  the  axiom of  the  parallels,  the  Jesuit  priest 

Gerolamo  Saccheri (1667-1733)  discovered  accidentally  that  a 

Line b

Line a
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mathematically consistent non-euclidean geometry is possible.  He could 

not show through Reductio ad Absurdum that the negation of the axiom of 

the parallels had to be false.  So, without knowing it, he showed that non-

euclidean geometry  could  be  logically  and  mathematically  consistent, 

and that it would be perfectly possible to conceive the angles of a triangle 

being less than 180°.18  He rejected this conclusion on intuitive grounds, 

but later, Carl Friedrich Gauss (1777-1855) realized that both, euclidean 

and non-euclidean geometries were valid.

It  was  not  until  János  Bolyai (1802-1860)  and Nikolai  Lobachevsky 

(1793-1856) that a variant of non-euclidean geometry called “hyperbolic 

geometry” was developed, which was ignored and rejected by most of the 

other mathematicians at the time for being counterintuitive.

ILLUSTRATION 11:  HYPERBOLIC SPACE

Hyperbolic geometry denied the “axiom” of the parallels and assumed, 

not a flat sort of space, but curved like a horse saddle, where the sum of 

the angles of a triangle is less than 180°, and it was possible for more than 

one parallel line in relation to a given line a to go through a non-collinear 

point P.19  In this case, Bolyai and Lobachevsky proved that the so-called 

axiom  of  the  parallels was  not  necessary  for  a  logically  and 

mathematically consistent geometry.
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P 
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ILUSTRATION 12

Another  mathematician,  Bernard  Riemann (1826-1866),  developed 

another  kind  of  non-euclidean geometry  called  “elliptic  geometry”, 

where the sum of the angles of a triangle is greater than 180°, and where  

the shortest distance between two points lies in a great circle (the line 

which divides the sphere in two halves).  It also makes possible that more 

than one line intersect in two points, and it is impossible for parallel lines 

to exist in this sort of space.

ILLUSTRATION 13

As we can see, these non-euclidean geometries were not grasped by 

experience in any way, they came out as a direct result of centuries of 

debate  by  mathematicians,  especially  those  in  the  eighteenth  and 

nineteenth centuries.  Such theories did revise mathematics, but did not 

refute euclidean geometry.  In fact, in this new scenario euclidean space 

became one of an infinity of possible mathematical spaces.  It  did not 

refute at all that in euclidean space the sum of the angles of the triangle 

Line a
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is 180°, or that the Pythagorean Theorem is true.  What it did refute was  

the  belief  that  the  only valid  and  consistent  geometry  is  euclidean 

geometry.  Natural science had nothing to do with this revision.

Then what did Einstein do?  He was acquainted with the philosophy 

of the famous mathematician Henri  Poincaré, who is considered today 

one of  the  fathers  of  the  theory of  relativity.   In  his  works,  Poincaré 

expressed his acceptance of the mathematical validity of non-euclidean 

geometry.20  For  him,  how  ever  counterintuitive  it  may  be,  a  non-

euclidean world  is  perfectly  possible,21 but  he  further  stated  the 

following:

It is seen that experiment plays a considerable rôle in the genesis 

of  geometry;  but  it  would be  a  mistake to conclude from that 

geometry, is, even part, an experimental science . . .  [Geometry] 

is not concerned with natural solids:   its  object is certain  ideal 

solids,  absolutely invariable,  which are put a greatly simplified 

and  very  remote  image  of  them.   The  concept of  these  ideal 

bodies is entirely mental, and experiment is but the opportunity 

which enables us to reach the idea.  The object of geometry is the 

study of a particular “group”; but the general  concept of group 

pre-exists in our minds, at least potentially.  It is imposed on us 

not  as  a  form  of  our  sensitiveness,  but  as  a  form  of  our 

understanding; only, from among all possible groups, we must choose  

one  that  will  be  the  standard,  so  to  speak,  to  which  we  shall  refer  

natural phenomena.

Experiment guides us in this choice, which it does not impose 

on us.   It  tells  us  not  what  is  the truest,  but  what  is  the  most  
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convenient  geometry.   It  will  be  noticed  that  my  description  of 

these  [non-euclidean]  worlds  has  required  no  language  other 

than that of ordinary geometry.  Then, were we transported to 

those worlds, there would be no need to change that language. 

Beings educated there would no doubt find it more convenient to 

create  a  geometry  different  from  ours,  and  better  adapted  to 

their  impressions;  but  as  for  us,  in  the  presence  of  the  same 

impressions,  it  is  certain  that  we  should  not  find  it  more 

convenient to make a change.22

Poincaré's statement regarding non-euclidean geometry was that it is as 

valid as  euclidean geometry, but it would not serve well at all to adopt 

non-euclidean geometry as a convention to understand this world.  It is 

perfectly  conceivable  that  it  would  make  sense to  adopt  non-euclidean 

geometry as a way to make scientific theories about the world simpler, even if 

non-euclidean geometry itself  is  not as  simple  as  euclidean geometry. 

But due to the fact that our world seems to be euclidean, he rejected the 

possibility of the eventual adoption of non-euclidean geometry to make 

scientific theories simpler.

This is where  Einstein came in.  One of the mathematical results of 

the  Lorentz Transformations and the adoption of the independence of 

the constancy of light’s speed with respect to all inertial reference frames 

was  that  nothing  can  travel  faster  than  the  speed  of  light.   This  left  a 

significant  problem:   according to newtonian mechanics,  the  effect  of 

gravity among massive objects is instantaneous, and there is no account 

for  the  Lorentz's  spatial  contraction.   Poincaré influenced  Einstein by 

letting  him  see  that  it  was  possible  to  adopt  a  more  complicated 

mathematical  model  in order  to  simplify  a  scientific  theory.   Due to the 
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special theory of  relativity we cannot talk about rigid bodies, i.e. bodies 

in which the relative length, time frame, and mass are not affected due to 

their speed with respect to other inertial reference frames.  Euclidean 

geometry  would  be  an  inappropriate  model  to  build  a  theory  using 

special relativity.  So, he had two options:

1. He  could  have  retained  euclidean geometry  as  the  mathematical 

model for its simplicity, which would mean sacrificing the simplicity 

of the scientific theory about space-time behavior.

2. He  could  adopt  a  more  complicated  non-euclidean geometry  as  a 

mathematical model, but having the benefit of formulating a simpler 

scientific theory.23

By choosing the latter,  Einstein not only formulated a very consistent 

general theory of  relativity, but also was able to predict and include a 

series of phenomena which were not accounted for in classic newtonian 

mechanics:   the  Second  Twin  Paradox,  the  way  light  deviates  near 

massive  objects,  the  motion  of  Mercury's  Perihelion,  and the Doppler 

Effect.24

So, what we see here in the case of the general theory of relativity is 

not that it refuted  euclidean geometry.  Euclidean geometry itself does 

not  contradict  non-euclidean geometry,  because an  euclidean space is 

one of an infinity of possible spaces.  Non-euclidean geometry came to be 

from  internal  problem-solving  processes  within  mathematics itself,  and  its 

historical  origin  has  nothing  to  do  with  its  adoption  or  rejection  by 

natural science.

Therefore, the general theory of relativity did not revise mathematics at all. 

Quite the contrary.  Einstein chose another mathematical model of space 
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which  was  available  thanks  to  mathematicians'  development  of  non-

euclidean geometry the previous century.  He formulated the simplest 

theory when he considered the mathematical implications of the special 

theory  of  relativity as  well  as  other  phenomena.   Instead  of  natural 

science revising mathematics,  it was the field of  mathematics which revised  

natural science.

4.3.3 — Chaos Theory and Mathematics

Recently there has been an enthusiasm about  chaos theory, even to 

the point  of  the  absurd,  mostly  as  a  result  of  propaganda within  the 

academy.25  Some  have  presented  chaos theory  as  a  refutation  of 

mathematical methods in general.  What is chaos theory?  Alan Sokal and 

Jean Bricmont explain this very well:

What  is  chaos theory  about?   There  are  many  physical 

phenomena  governed  by  deterministic  laws,  and  therefore, 

predictable in principle, which are nevertheless unpredictable in 

practice because of their “sensitivity to initial conditions”.  This 

means  that  two systems  obeying  the  same laws  may,  at  some 

moment in time, be in very similar (but not identical) states and 

yet, after a brief lapse of  time, find themselves in very different 

states.  This phenomenon is expressed figuratively by saying that 

a butterfly flapping its wings today in Madagascar could provoke 

a  hurricane  three  weeks  from  now  in  Florida.   Of  course,  the 

butterfly by itself doesn't do much.  But if one compares the two 

systems constituted by Earth's atmosphere with and without the 

flap of  the butterfly's  wings,  the  result  three weeks  from now 

may be very different (a hurricane or not).  One consequence of 
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this is that we do not expect to be able to predict the weather 

more than a few weeks ahead.  Indeed, one would have to take 

into  account  such  a  vast  quantity  of  data,  and  with  such 

precision, that even the largest conceivable computers could not 

begin to cope.26

This is illustrated best with what occurred to one of the fathers of 

chaos theory, Edward Lorenz.  He discovered what would later be known 

as the “butterfly effect”, especially in relation to the weather.  He used 

attractors in order to describe the behavior of certain systems.  Chaotic 

behavior,  in  chaos theory,  does  not  mean just  pure  disorder  or  pure 

randomness.  A system is chaotic if it depends greatly in the sensitivity of  

initial  conditions.   Studying the weather and  picking up data,  Lorenz 

eventually illustrated the behavior of chaotic systems with an attractor. 

Illustration 14 shows the famous Lorenz attractor.

ILLUSTRATION 14
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The  attractor  shows  that  even  what  appears  to  be  disorderly 

behavior, there is an inherent structure within the stream of data, even 

when  the  trajectories  never  intersect,  and  the  system  never  repeats 

itself.  Such a view of chaotic patterns has been very useful in explaining,  

for  instance,  Jupiter's  Red  Spot,  which  is  essentially  a  self-organizing 

system within a chaotic system.  This seems to apply, not only to nature, 

but  also  to  the  economy,  population  growth,  and  other  areas  of 

research.27

Chaos theory  also  includes  the  idea  of  the  fractal  aspect  of  such 

behavior.   Among  many  scientists  and  mathematicians,  it  was  Benoit 

Mandelbrot who  discovered  accidentally  that  a  diagram  of  income 

distribution can be correlated with the diagram of eight years of cotton 

prices.  Gleick tells more of this story:

. . . when Mandelbrot sifted the cotton-price data through IBM's 

computers, he found the astonishing results he was seeking.  The 

numbers  that  produced  aberrations  from the  point  of  view of 

normal distribution produced symmetry from the point of view 

of  scaling.   Each  particular  price  change  was  random  and 

unpredictable.  But the sequence of changes was independent of 

scale:  curves for daily price changes and monthly price changes 

matched perfectly.   Incredibly,  analyzed  Mandelbrot's  way,  the 

degree  of  variation  had  remained  constant  over  a  tumultuous 

sixty-year period that saw two World Wars and a depression.28

So, not only there is an order within the pattern as discovered by 

Lorenz, but also, that there can be a correlation between the whole and 

the parts of a chaotic system.  Mandelbrot could calculate the fractional 
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dimensions of real objects according to their shape or any other irregular 

patterns.  It does not matter which dimensional fraction we reduce it to, 

we are able to see those irregular patterns again and again.  He created 

the word “fractal” to refer to these fractional dimensions, and “fractal  

geometry” to designate the discipline which has fractals as its  objects of 

study.

This non-conventional way of looking at the world, and the creation 

of  a  new  mathematical  discipline  was  a  very  important  step  in 

understanding certain behaviors of the physical world.  Up to now we 

have  seen  chaotic  systems,  fractals,  and  their  relationship  with  the 

physical  world.   What about the mathematical  realm?  Many of  these 

views apparently also apply to pure mathematical  objects, such as the 

very well known Mandelbrot Set.  Gullberg explains in full detail what it is:

The  fractal  behavior  in  the  complex  number plane  is 

demonstrated by iterating a nonlinear function whose variables 

include its own result.  If a set of an infinite sequence f(z), f(f(z)), 

f(f(f(z)))..., where z is a complex number, is plotted on a graph, the 

sequence of iterates may

1. be unbounded; or

2. jump around within a bounded region

If (2) holds, we say that z lies in the “filled-in Julia set for f” . . .

The  Mandelbrot set is related to the Julia  set, but for it the 

defining variable is the  c in  f(z)=z²+c, where  z and  c are complex 

numbers.  Starting with z=0+0i, we look for the complex numbers 

c, such that 0, f(0), f[f(0)], ... remain bounded.



118  — Underdetermination of Science – Part I

If we let z=0+0i in f(z)=z2+c, then

f(z) = f(0+0i) = (0+0i)2 + c = c

f(f(z)) = f(c) = c2 + c

f(f(f(z))) = f(c2 + c) = (c2 + c)2 + c

and the process may be iterated ad infinitum. . . .

We are now in a position to define the Mandelbrot set as the 

set of complex numbers c for which the iterated f(z)=z²+c remains 

bounded.  The initial value of z is 0+0i and each subsequent value 

of z is used to find the next one.29

A more formal definition of the Mandelbrot set is the following:

DEFINITION.  The Mandelbrot Set M is the set of complex numbers c 

such  that  the  sequence 〈 f c
n
(0)〉 does  not  approach  ∞  as  n gets 

larger.

Through the  process  of  iteration  in  a  computer  program,  we  can 

actually produce the first image in Illustration 15 (next page), which is  

the  graphical  representation  of  the  Mandelbrot Set.   The  image,  as 

complex and irregular as it  may appear, also has an intrinsic pattern. 

Using a certain sequence for finding fractions in the Mandelbrot Set, we 

are  able  to  find  again a  fraction  that  contains  once  more  its  original 

image.  The white rectangles in Illustration 15 show how we can choose a 

fraction of the Mandelbrot Set, “zoom in”, and find gradually the same 

original image pattern of the Mandelbrot Set.  If we repeat that process, 

we  will  find  another  image  of  the  Mandelbrot Set,  and  continue 

indefinitely.
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ILLUSTRATION 15:  WHITE RECTANGLES SELECT FRACTIONS OF THE MANDELBROT SET

So,  it  seems  that  once  again  we  are  apparently  faced  with  the 

possibility that empirical sciences may have revised  mathematics.  The 

reasoning  we  apply  to  empirical  data  is  the  same  we  apply  to 

mathematical  objects,  because  fractal  reasoning  applies  to  objects of 

sensible  experience  and  also to  certain  mathematical  objects.   This 
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reasoning  itself  is  based  on  experience.   Therefore,  on  the  basis  of 

sensible experience, mathematical reasoning has been revised.

To be able to understand this well, we have to distinguish two very 

important sides  of  chaos theory,  one that  has to do with natural  and 

empirical sciences, and another solely having to do with  mathematics. 

Some  people  have  alleged  that  chaos theory  adds  uncertainty  to 

mathematics, especially on the basis of experience.  First, we should ask: 

if  mathematics is uncertain on the basis of experience, then what does 

guarantee  the  certainty  of  chaos theory  in  the  first  place?   If  chaos 

theory, in a sense, refutes mathematical certainty, then why does it use 

mathematically certain rules to be able to understand this with certainty?

Alan  Sokal and  Jean  Bricmont have  pointed  out  the  confusion  of 

those who argue this way.  They confuse determinism with predictability, 

but  this  aspect  applies  only  to  empirical  sciences,  not  to  pure 

mathematics.   Chaos theory  does  not  refute  determinism,  all  chaotic 

systems in the universe are determined according to physical laws.  They 

just have the peculiar aspect of its determination on the sensitivity of 

initial  conditions.   However,  due  to  the  fact  that  we  are  not  able  to  

account for each and every single variable that intervenes in a chaotic 

system,  we  are  not  able  to  predict with  100%  accuracy  certain 

phenomena.  That is why Edward Lorenz discovered that we are able to 

predict the  weather only in  short term within a  statistical  model,  and 

such a prediction loses its certainty as time goes by.30

But  none  of  this  revises  mathematics at  all,  on  the  contrary,  the 

application  of  certain  mathematical  chaotic  notions,  such  as  strange 

attractors  or  fractals,  is  no  different  from  the  application  of  non-
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euclidean geometry to  physics.  So, for this discussion, we will have to 

look at the part of chaos theory that deals with mathematics.

In  general,  there  are  some  misuses  of  the  notion  of  fractals  that 

should be mentioned here.  Notice that many of the advocates for fractal 

geometry say that fractals are more accurate representations of reality. 

As Gleick said about Mandelbrot:

Clouds are not spheres, Mandelbrot is fond of saying.  Mountains 

are not cones.  Lightning does not travel in a straight line.  The 

new  [fractal]  geometry  mirrors  a  universe  that  is  rough,  not 

rounded, scabrous, not smooth.  It is  a geometry of the pitted, 

pocked, and broken up, the twisted, tangled, intertwined.31

The  classic  way  in  which  Mandelbrot confronted  a  certain  problem 

concerning the usual way we do geometry, was to ask:  “How long is the 

Coast of Britain?”  Mandelbrot found out that Lewis F. Richardson saw 

discrepancies about 20% in the estimated lengths of the coasts of Spain, 

Portugal,  Belgium,  and  the  Netherlands.   Mandelbrot wanted  to  take 

another approach:  the fractal approach.  He arrived to the conclusion 

that a coastline is infinitely long.  In theory, if we continue “zooming in” 

the coastline, not only will everyone discover how long it is, but also at 

one point, we will be able to see the same irregular shapes as the original 

(as the famous fractal shore illustrates).32  But is this true in practice?

Jan Gullberg comments about this:

The universe  is  replete with shapes that repeat themselves  on 

different  scales  within  the  same  object.   In  Mandelbrot's 

terminology, such objects are said to be self-similar.
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In the idealized world of mathematics, there are several well 

defined figures  that  are  self-similar  and an infinite  number of 

such  figures  may  be  generated  through  iteration  of  functions 

[. . .]  The word fractal — coined by Mandelbrot — was intended to 

describe a dimension that could not be expressed as an integer,  

today, “fractal” is generally understood to mean a set that is self-

similar under magnification.

Unlike  mathematical  fractals,  no  object in  nature  can  be 

magnified an infinite number of times and still present the same 

shape of every detail in successive magnifications — one reason 

being the finite size of molecules and atoms.  Yet fractal models 

may provide useful approximations of reality over a finite range 

of scales.

Mandelbrot and others  have applied  fractals  as  explanatory 

models of natural phenomena involving irregularities on different 

size scales.  This technique is used in graphical analysis in such 

diverse fields as fluid mechanics, economics, and linguistics and 

the study of  crystal  formation,  vascular  networks  in  biological 

tissue, and population growth.33

The phrase “explanatory models” is key to understand exactly what is 

going on.  As we can see, fractal geometry is as much an approximation 

to reality as  euclidean and non-euclidean geometries are.  What  chaos 

theorists do is use fractal geometry and other mathematical notions, and 

apply them to experience, the very same way non-euclidean geometry 

has  been  applied  to  simplify  scientific  theory  to  explain  the  physical 

world  more  accurately.   In  this  way,  fractal  geometry  helps  us 
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understand better chaotic systems in the world.  None of this refutes the 

validity of  euclidean geometry at all nor any other mathematical axiom 

or theorem.  The choice of mathematical models depend greatly on which 

kind of natural-scientific theory we choose, how that model is pertinent 

to it,  and if  it  really simplifies  the theory in such a way that actually 

makes a better understanding of the world possible.

For  this  reason,  attempts  to  make  chaos theory  an  instance  of 

revision  of  formal  science  in  light  of  recalcitrant  experience  is  also 

doomed to failure.

4.3.4 — The Paradox of Revisability

As we said in Chapter 3, we cannot forget the paradox of revisability 

pointed out by Jerrold  Katz.  This is a big headache to all of those who 

believe in the First Quine-Putnam Thesis, because this paradox discovers 

two facts:  the absolute necessity of some basic logical truths such as the 

principle of no-contradiction, and it also points at the inviability of the 

potential revision of all formal science.

4.4  — Reply to  Second Quine-Putnam Thesis

The  Second  Quine-Putnam Thesis  has  been  known  as  the 

“indispensability  argument”,  which  states  that  mathematics is 

meaningful because of the fact that it is indispensable to science.  This is  

related to the First Quine-Putnam Thesis, that somehow formal sciences 

are  revised  in  light  of  recalcitrant  experience.   I  wish  to  show  the 

indispensability argument as a strange claim.
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Rosado Haddock says that if mathematics is subordinated to physics, 

it is strange that mathematics does not refer at all to physical entities or 

theories of any kind.  In fact, it seems that, contrary to physical theories,  

many mathematical  truths  are  self-evident  and true in  every possible 

world.

Now,  although applicable  to the physical  (and  other)  sciences, 

mathematical  theorems  seem  to  be  true  even  if  all  actually 

accepted physical  theories were false and,  thus,  the claim that 

only after the advent of modern physical science can we argue 

that  mathematical  theorems are true seems really  amazing,  to 

say  the  least.   It  is  also  extremely  unreasonable  to  think  that 

before the advent of modern physical science there was no way to 

establish the existence of mathematical entities, thus, e.g., that 

there exists an immediate successor of 3 in the natural  number 

series.  Moreover, it is perfectly conceivable that there exists a 

world in which all mathematical theorems known to present-day 

mathematicians are true (supposing that current mathematics is 

consistent), and that mathematicians know as much mathematics 

as  they actually know, but in which none of the physical  laws 

accepted as true nowadays were known to humanity.  What is not 

possible is a world in which physical science were as developed as 

it  actually  is,  but  in  which  our  present  mathematical  theories 

(especially those applicable to present-day physical science) were 

not valid, or, at least, were not considered to be valid.34

Katz also  made  his  criticism  along  this  line,  stating  that  we  can 

establish  the  existence  of  these  mathematical  entities  even  without 

empirical science.35  So, can we remain with a straight face when we state 
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that  the  validity  of  mathematics depends  on  the  validity  of  scientific 

theories?  It seems the other way around.  We admit that these replies to 

the  Second  Quine-Putnam Thesis  are  not  definite  refutations  of  the 

claims, but they show how unlikely this thesis seems to be.
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Conclusion

This book favors a platonist view of logic and mathematics, in order 

to truly understand  formal sciences’ relationship with  natural sciences. 

Philosophers like Mario Bunge, Philip Kitcher, Imre Lakatos, Karl Popper, 

Hilary Putnam, W. V. O. Quine among many others have expressed deep 

dissatisfaction with the view that  there  can exist  an  ideal world or a 

fregean “third realm”.

Throughout our analysis we have seen that many of the arguments 

presented against  platonism are completely false for being the result of 

misunderstandings,  and  sometimes  non-sequiturs.   Behind  all  of  these 

arguments,  there is  only one prejudice:   there is  no possibility for an 

abstract logico-mathematical abstract reality.  If there is no ideal realm, 

mathematics and logic cannot provide true knowledge like science does. 

In the best cases, some philosophers can accept a certain kind of formal 

knowledge.  In the worst cases, there is essentially no difference at all  

between the formal and the natural, all our theories are posits.

Against the former, we recognize that it is possible that we make up 

concepts which may have foreseen or unforeseen logical consequences. 

But we can ask if before the concept was invented everything that existed 

did not conform to the objective laws of logic and mathematics.  Besides, 

the physical world and all of its laws did exist before us, and they are all  

subject to the same logical and mathematical relations.  These logical-
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mathematical truths would be the condition of possibility of all beings 

and propositions.

Against those who hold that there is no difference between posits of 

formal  science and  those  of  natural  science,  a  qualitative  difference 

between such posits  must be recognized.  To distinguish between  logic 

and mathematics on one hand and natural science on the other, we can 

observe that we have to accept that in the case of these two fields  the  

epistemological foundations and knowing activities are very different.  In that 

sense,  it  is  useful to  distinguish  between  them.   It  is  also  useful to 

distinguish between qualitative aspects of logic and mathematics such as 

axioms,  theorems,  and  proofs  which  require  no  sensory  input 

whatsoever, from the qualitative aspects of  natural science, which use 

the laws of formal sciences to formulate theories which are confirmed or 

refuted in light of experience.

Hence, the outcome of this analysis with respect to the issue of the 

underdetermination of  science is  perfectly clear:   science is  unable to 

revise  logic and  mathematics.  Of course, it is possible to argue that  a 

posteriori phenomena can stimulate mathematical works, like in Newton's 

and  Leibniz's  cases.   However,  all  that  this  shows  is  that  there  is  a 

dialogue between  formal science and  natural science, but none can be 

reduced to the other, and one cannot be the servant of the other.  Let 

each field have its own investigations, its own knowledge, and its own 

discovery of multiple aspects of the truth.



Appendix A

Husserl  and Philosophy of Mathematics

As it has been pointed out before, a lot of  Husserl's philosophy has 

been underestimated or rejected, basically for the wrong reasons.  I did 

not want to include this appendix the first time I published this book, and 

wanted to exclude it for the fourth version, but I am still surprised about 

the degree which these  misconceptions  and falsehoods  about  Edmund 

Husserl's  philosophy  are  rooted  both,  the  analytic and  continental 

traditions of our field.

My use of Husserl's philosophy of logic and mathematics as a starting 

point to clarify the relation between formal sciences and natural sciences 

may  surprise  many  readers.   Most  philosophers  completely  ignore 

Husserl's philosophy of mathematics, even if it is, perhaps, the one that 

best describes mathematics in the twenty-first century.  Even in the case 

of mathematicians,  they regard Gottlob  Frege as being far  superior to 

Edmund Husserl, and much more worthy of recognition.  As I have shown 

in this book, that is not necessarily the case.

In this appendix, I will not say anything new, because this has been 

researched better and more thoroughly elsewhere.1  However, I hope that 

this  little  appendix  will  help  demystify  a  lot  of  misinformation about 

Husserl still circulating in the academy.
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A.1 — Biographical  Mis conceptions

There  is  an  unfounded  myth  that  began  with  Dagfinn  Føllesdal's 

master's thesis:  Husserl and Frege:  A Contribution to Elucidating the Origins  

of Phenomenological Philosophy and his article “Husserl's Notion of Noema”, 

where  he says  that  at  first  Husserl began favoring  psychologism,  and 

from that perspective he wrote his Philosophy of Arithmetic (1891).  Later, 

he  changed  his  mind due  to  Frege's  review against  this  work  (Frege, 

1894/1972).   The  myth  further  states  that  Husserl became  a  kind  of 

fregean  semanticist,  and  that  his  phenomenological  notions  (like  the 

notions  of  noema and  object (Gegenstand))  are  nothing  more  than  an 

extension of the fregean distinction between  sense (Sinn)  and  referent 

(Bedeutung).  And as if that were not enough, many other authors accuse 

Husserl of falling into the claws of psychologism once again.2

As it turns out, apparently  Frege's review of  Husserl's  Philosophy of  

Arithmetic had nothing to do with his change of  mind.  As some studies 

have shown, some of  Frege's criticisms were valid, but others were not. 

He exaggerated  Husserl's position to the point of caricaturing it.  Many 

authors consider Frege's criticism against Husserl's notion of abstraction 

as accurate, when in reality Husserl did not favor the silly assertions he 

was accused of saying.3  It is possible that Frege's attack was not directed 

exclusively to Husserl, but indirectly to Georg Cantor, who was Husserl's 

close friend, colleague, and mentor, who, like Husserl, was also a disciple 

of the renowned mathematician Karl Weierstrass, whom Frege opposed.4 

Frege would  charge  Cantor exactly  with  the  same  errors  he  charged 

Husserl.5
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The myth that  Husserl adopted fregean semantics after the famous 

fregean review (1894) is also false.  Husserl already had his own theory of 

sense (meaning) and referent (objectuality) by 1890.  We can accept that 

Philosophy of Arithmetic was published in 1891, but that only means that it 

was published that year.  He finished writing it in 1890.  So, Philosophy of  

Arithmetic represents his thinking on  mathematics up to 1890.6  As we 

have seen in chapter 2, it was Frege, in a letter addressed to Husserl (May 

24,  1891),  who recognized that he already made a distinction between 

sense and  referent, and compared correctly both theories of  sense and 

referent of  concept-words.  Husserl himself recognized that by the time 

Philosophy  of  Arithmetic was  published  he  already  disagreed  with  its 

content.  He said that he began having doubts about psychologism from 

the very beginning.  He attributed his change from psychologism to his 

reading  of  Gottfried  Wilhelm  von  Leibniz,  Bernard  Bolzano,  Rudolf 

Hermann Lotze, and David Hume.  He made no mention of Frege as being 

decisive  for  the  change.7  In  fact,  in  his  Logical  Investigations,  Husserl 

mentioned Frege only twice:  the first one in a footnote to point out that 

he  retracted  three pages  of  his  criticism of  Frege's  The  Foundations  of  

Arithmetic,8 and the other one to question his use of the word “Bedeutung” 

to denote referent rather than meaning (sense).9

Finally,  contrary  to  what  many people  think,  Husserl did  not  fall 

again  into  psychologism.   He  maintained  basically  the  core  of  the 

criticism against  psychologism made in the “Prolegomena” throughout 

his  life,  and we can find some of them in works as late as  Formal and  

Transcendental  Logic (1929).   That  accusation  usually  is  the  result  of  a 

misunderstanding  of  his  semantics  views,  and  his  phenomenological 

doctrine.   But  even  the  ideal realm  plays  a  very  important  role  in 
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phenomenology,  noemata are the irreal  (ideal)  necessary correlates of 

real noetic (temporal) acts of consciousness.

Another reason why some philosophers do not know about Husserl's 

doctrine of formal sciences has to do with the fact that many phenome-

nologists have not paid attention at all to it, either because they do not 

know  it,  or  because  they  are  not  acquainted  enough  with  logic and 

mathematics to notice it.  They mostly focus on  Husserl's phenomeno-

logical  doctrine in  general  as  well  as  his  doctrine of  the  crisis  of  the 

European sciences.

There are also those husserlian scholars who make some distorted 

expositions of  Husserl's philosophy of  mathematics.  For example, some 

authorities in this area give the impression that  Husserl said that using 

eidetic intuition and eidetic variation we are able to abstract  numbers, 

sets,  etc.   This  is  false.   As  we  have  seen  in  chapter  3,  for  Husserl, 

numbers and sets  are constituted by consciousness through  categorial 

intuition.  I do agree with Rosado Haddock that not to mention categorial 

intuition in Husserl's philosophy of mathematics would be like trying to 

explain  newtonian  mechanics  without  mentioning  the  three  laws  of 

motion.10  Others  confuse  categorial  intuition and  eidetic  intuition, 

leading to confusing notions of  state-of-affairs and  situation-of-affairs, 

therefore,  unable  to  understand  mathematical  intuition as  being 

categorial intuition and categorial abstraction.11

Up  to  now,  we  have  presented  most  of  the  reasons  why  many 

philosophers and scholars have dismissed  Husserl's philosophy of  logic 

and  mathematics.  So, to finish exorcising some philosophers' image of 
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Husserl,  I  present  his  background  in  mathematics and  philosophy  of 

mathematics.

1. While  Husserl was a student at the University of Berlin, he studied 

with  great  mathematicians  such  as  Leopold  Kronecker  and  Karl 

Weierstrass (1878-1881).  Later, Husserl became Weierstrass' assistant 

(1883-1884).12

2. After  being  Franz  Brentano's  disciple  (1884-1886),  he  went  to  the 

University  of  Halle,  where  he  was  under  the  supervision  of  Carl 

Stumpf, who was also Brentano's disciple and to whom Husserl later 

dedicated his Logical Investigations.  Claire Ortiz Hill points out that it 

was  through  Stumpf that  he  increasingly  became  interested  in 

platonic  ideas,  which  led  him  away  from  Brentano's  philosophy.13 

Stumpf was  the  one  who  convinced  Gottlob  Frege to  elaborate  a 

philosophy to clarify the purpose of his recently created  conceptual 

notation (Begriffsschrift),  which led  Frege to write his  philosophical 

masterpiece The Foundations of Arithmetic.14

3. It was during his years in Halle where he befriended Georg  Cantor, 

the father of set theory, who would become his mentor (1886-1901).15

4. Husserl's first philosophical works were precisely about mathematics. 

In Halle, he presented his professorship doctoral dissertation On the  

Concept of  Number about  the  psychological  origins  of  sets  and 

numbers, and later in 1891 he published his  Philosophy of Arithmetic:  

Psychological  and  Logical  Investigations.   We  also  have  to  take  into 

account the first volume of  Logical Investigations titled Prolegomena of  

Pure Logic, where Husserl exposed his definitive doctrine on logic and 
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mathematics.   In all  of  these works he was concerned about these 

formal sciences, and he wanted to develop a proper epistemology.

5. He revealed Franz  Brentano in 1892 that he had already concluded 

that  non-euclidean geometry  was  as  mathematically  legitimate  as 

euclidean geometry.  For him,  space does not need to be  euclidean 

space to be consistent,  and it  was  conceivable  that there could be 

many other a priori possible spaces.  This happened years before the 

general  theory  of  relativity legitimized  the  use  of  non-euclidean 

geometry in natural science.16

6. He  was  a  very  strong  researcher  on  non-euclidean geometry, 

specifically  Riemannian  manifolds,  which  helped  him  shape  his 

conception of  mathematics as a  theory of manifolds in the broadest 

sense.17

7. Later, when Husserl went to the University of Götingen, he was David 

Hilbert's colleague, the great mathematician who was looking for a 

definitive proof of the completeness of  mathematics.   He and Felix 

Klein, another great mathematician,  invited  Husserl to address the 

Göttingen  Mathematical  Society  in  1901  regarding  the  subject  of 

completeness and “imaginary” numbers.  Husserl also believed in the 

completeness  of  mathematics,  and  formed  part  of  Hilbert's  Circle 

(1901-1916).18

8. Husserl was deeply interested in the paradoxes of  set theory.  Ernst 

Zermelo, a mathematician known for his works on  set theory,  was 

Husserl's friend.  Zermelo found a paradox and in 1902 communicated 

it  to  Husserl and  Hilbert.   The reason for  this  is  that  Husserl had 

discussed a similar paradox in a review he wrote in 1891.  Bertrand 
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Russell also found this  very same paradox,  and told  Frege that his 

logical  foundation  of  arithmetic  as  presented  in  Basic  Laws  of  

Arithmetic made this  paradox possible.   This  is the reason why the 

world knows it as the “Russell Paradox”, even though Zermelo found 

it first.  Here we will call it the “Zermelo-Russell Paradox”.  Many of 

Husserl's works on set paradoxes (which are hundreds of pages) still 

remain unpublished.19

9. Even in later works such as Formal and Transcendental Logic (1929) and 

Experience and Judgment (1938), Husserl elaborated his semantic theory 

and his philosophy of mathematics in their final form.

10. Apparently  Husserl contributed  to  the  field  of  logic more  than 

analytic philosophers realize.  For example, apparently the difference 

between  the  “formation  rules”  and  the  “transformation  rules” 

proposed by Rudolf  Carnap, was originally identified by Husserl, but 

with  different  names  (“laws  to  prevent  non-sense”  and  “laws  to 

prevent counter-sense”).20  We must remember that Carnap, in his Der  

Raum includes much of Husserl's thinking in his philosophy of space, 

and that between 1924 and 1925 he assisted advanced seminars given 

by  Husserl for  three  semesters.21  Also,  apparently  Carnap was  so 

heavily  influenced  by  Husserl,  that  he  used  his  phenomenological 

doctrine as one of the basis for his Der logische Aufbau der Welt.22

11. We  also  have  to  remember  that  Husserl influenced  some  Polish 

thinkers such as Alfred Tarski, Kazimierz Ajdukiewicz, and Stanislaw 

Leśniewski,  the  founder  of  mereology.   Leśniewski's  studies  of 

Husserl's  Logical  Investigations (specifically  the  Third  Investigation, 

often  disregarded  by  Husserl's  scholars  and  analytic philosophers) 
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made him interested in developing a theory of parts and wholes.  He 

and  Ajdukiewicz were  also  influenced  by  the  Fourth  Investigation 

regarding  the  morphology  of  meanings and  their  deductive 

relationships.23

A.2 — Another  Look at  Frege 's  and Husserl 's  

Concept ion of  Mathematics

Another frequent point of dispute is that many believe that  Frege's 

view  of  logic and  mathematics is  far  superior  than  Husserl's.   If  we 

remember  Frege's original project, he was solely interested in showing 

that arithmetic could be reduced to  logic.  We all know the outcome of 

his  work,  the  Zermelo-Russell Paradox practically  destroyed  all  the 

logical  building which could derive arithmetic from  logic.   Even other 

logicist projects like that of A. N.  Whitehead and Bertrand Russell, who 

tried to show in  Principia Mathematica that all of  mathematics could be 

reduced to  logic, failed miserably, especially after Kurt  Gödel's proof of 

mathematics' incompleteness.

Husserl, on the other hand, did not hold this point of view.  As we 

have seen in  chapter  2,  he  did  see  mathematics as  logic's  ontological 

correlate, but the former is not reducible to the latter.  He even held that 

some formal-ontological categories could not be reduced to other formal-

ontological categories.  For example, he did not accept the reducibility of 

arithmetic  to  set theory.   Historically  speaking,  every effort  to  try  to 

provide a foundation of  mathematics on  logic has failed.  It seems that 

Husserl was right after all.
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An interesting point of comparison of both of their doctrines has to 

do with non-euclidean geometry and other mathematical notions.  Frege, 

did  not  accept  non-euclidean geometry  as  a  legitimate  mathematical 

enterprise.  Husserl was more careful than that.  His idea of a  mathesis  

universalis as  theory  of  manifolds incorporated  formal  mathematical 

truths of non-euclidean geometries as well as the scientificity of what he 

called  then  “imaginary  numbers”  (negative  roots,  fractions,  irrational 

numbers, decimals, among many others).24

Another point of advantage of Husserl's views with respect to Frege's 

is  that  his  philosophy  and  mathematical  epistemology  are  able  to 

overcome the paradoxes of naïve  set theory.  Frege's logicism collapsed 

because  of  the  Zermelo-Russell Paradox.   In  Experience  and  Judgment, 

Husserl used sets of objects as examples of objectualities, and, as we have 

seen in chapter 3, in principle a new set can always be constituted on top 

of other ones.  Rosado Haddock has pointed out the way this hierarchy of 

objectualities practically blocks the paradoxes of naïve  set theory.  For 

example,  the  fact  that  in  principle  every  set can be  the basis  for the 

constitution of another set and that there is a hierarchy of objectualities 

prevents the possibility of constituting a set of all sets, so that the Cantor 

Paradox never takes place.  The hierarchical nature of objectualities also 

blocks the  Zermelo-Russell Paradox, since it is impossible to constitute 

sets which are elements of themselves.25

And last, but not least,  Husserl's view of  mathematics has provided 

perhaps the best platonist epistemology to date.  Unfortunately,  Frege 

could  not  provide  such  an  epistemology,  he  was  content  only  with 

grasping thoughts, senses, and mathematical entities, but nothing more 

than that.
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Frege made  many  contributions  to  the  fields  of  logic and 

mathematics, but the truth is that Husserl not only contributed to them, 

but  also  his  view  of  them  is  extremely  close  to  the  way  they  are 

developed in the twentieth and twenty-first centuries.
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or  other  alterations  of  a  literary  or  artistic  work,  or  phonogram or  performance  and 
includes cinematographic adaptations or any other form in which the Work may be recast,  
transformed, or adapted including in any form recognizably  derived from the original, 
except that a work that constitutes a Collection will not be considered an Adaptation for 
the purpose of this License. For the avoidance of doubt, where the Work is a musical work,  
performance or phonogram, the  synchronization of  the Work in  timed-relation with a 
moving  image  ("synching")  will  be  considered  an  Adaptation  for  the  purpose  of  this  
License.
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c. "Distribute" means to make available to the public the original and copies of the Work 
through sale or other transfer of ownership.
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singers, musicians, dancers,  and other persons who act,  sing, deliver,  declaim, play in,  
interpret or otherwise perform literary or artistic works or expressions of folklore; (ii) in 
the case of a phonogram the producer being the person or legal entity who first fixes the 
sounds  of  a  performance  or  other  sounds;  and,  (iii)  in  the  case  of  broadcasts,  the 
organization that transmits the broadcast.

f. "Work" means the literary and/or artistic work offered under the terms of this License 
including without limitation any production in the literary, scientific and artistic domain, 
whatever may be the mode or form of its expression including digital form, such as a book,  
pamphlet and other writing; a lecture, address, sermon or other work of the same nature;  
a dramatic or dramatico-musical work; a choreographic work or entertainment in dumb 
show; a musical composition with or without words; a cinematographic work to which are  
assimilated  works  expressed  by  a  process  analogous  to  cinematography;  a  work  of 
drawing, painting, architecture, sculpture, engraving or lithography; a photographic work 
to which are assimilated works expressed by a process analogous to photography; a work 
of  applied art;  an illustration,  map,  plan, sketch or three-dimensional work relative to 
geography, topography, architecture or science; a performance; a broadcast; a phonogram; 
a compilation of  data to the extent it  is  protected as a copyrightable work; or a work 
performed by a variety or circus performer to the extent it is not otherwise considered a  
literary or artistic work.

g. "You" means an individual  or entity exercising rights  under this  License who has not 
previously violated the terms of this License with respect to the Work, or who has received 
express  permission  from  the  Licensor  to  exercise  rights  under  this  License  despite  a 
previous violation.

h. "Publicly Perform" means to perform public recitations of the Work and to communicate 
to  the  public  those  public  recitations,  by  any means  or  process,  including  by  wire  or  
wireless means or public digital performances; to make available to the public Works in 
such a way that members of the public may access these Works from a place and at a place  
individually chosen by them; to perform the Work to the public by any means or process 
and the communication to the public of the performances of the Work, including by public  
digital performance; to broadcast and rebroadcast the Work by any means including signs,  
sounds or images.

i. "Reproduce"  means  to  make  copies  of  the  Work  by  any  means  including  without 
limitation  by  sound  or  visual  recordings  and  the  right  of  fixation  and  reproducing  
fixations  of  the  Work,  including  storage  of  a  protected performance or  phonogram in 
digital form or other electronic medium.

2. Fair Dealing Rights. Nothing in this License is intended to reduce, limit, or restrict any uses 
free from copyright or rights arising from limitations or exceptions that are provided for in  
connection with the copyright protection under copyright law or other applicable laws.

3. License Grant. Subject to the terms and conditions of this License, Licensor hereby grants You a  
worldwide, royalty-free, non-exclusive, perpetual (for the duration of the applicable copyright) 
license to exercise the rights in the Work as stated below:

a. to Reproduce the Work, to incorporate the Work into one or more Collections,  and to 
Reproduce the Work as incorporated in the Collections; and,
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b. to Distribute and Publicly Perform the Work including as incorporated in Collections.

The above rights may be exercised in all media and formats whether now known or hereafter  
devised.  The  above  rights  include  the  right  to  make  such  modifications  as  are  technically  
necessary to exercise the rights in other media and formats, but otherwise you have no rights to 
make  Adaptations.  Subject  to  8(f),  all  rights  not  expressly  granted  by  Licensor  are  hereby 
reserved, including but not limited to the rights set forth in Section 4(d).

4. Restrictions. The license granted in Section 3 above is expressly made subject to and limited by 
the following restrictions:

a. You may Distribute or Publicly Perform the Work only under the terms of this License. You 
must include a copy of,  or the Uniform Resource Identifier (URI) for, this  License with 
every copy of the Work You Distribute or Publicly Perform. You may not offer or impose 
any terms on the Work that restrict the terms of this License or the ability of the recipient  
of the Work to exercise the rights granted to that recipient under the terms of the License.  
You may not sublicense  the  Work.  You must  keep intact  all  notices  that  refer  to  this 
License and to the disclaimer of warranties with every copy of the Work You Distribute or 
Publicly Perform. When You Distribute or Publicly Perform the Work, You may not impose 
any effective technological measures on the Work that restrict the ability of a recipient of 
the Work from You to exercise the rights granted to that recipient under the terms of the 
License. This Section 4(a) applies to the Work as incorporated in a Collection, but this does  
not require the Collection apart from the Work itself to be made subject to the terms of  
this License. If You create a Collection, upon notice from any Licensor You must, to the  
extent practicable, remove from the Collection any credit as required by Section 4(c), as  
requested.

b. You may not exercise any of the rights granted to You in Section 3 above in any manner 
that  is  primarily  intended  for  or  directed  toward  commercial  advantage  or  private 
monetary compensation. The exchange of the Work for other copyrighted works by means 
of digital file-sharing or otherwise shall not be considered to be intended for or directed 
toward commercial advantage or private monetary compensation, provided there is  no 
payment of any monetary compensation in connection with the exchange of copyrighted 
works.

c. If You Distribute, or Publicly Perform the Work or Collections, You must, unless a request  
has been made pursuant to Section 4(a), keep intact all copyright notices for the Work and  
provide, reasonable to the medium or means You are utilizing: (i) the name of the Original 
Author (or pseudonym, if  applicable)  if  supplied, and/or if  the Original Author and/or 
Licensor designate another party or parties (e.g.,  a sponsor institute, publishing entity, 
journal)  for  attribution  ("Attribution  Parties")  in  Licensor's  copyright  notice,  terms  of 
service or by other reasonable means, the name of such party or parties; (ii) the title of the 
Work if supplied; (iii) to the extent reasonably practicable, the URI, if any, that Licensor 
specifies to be associated with the Work, unless such URI does not refer to the copyright 
notice or licensing information for the Work. The credit required by this Section 4(c) may  
be  implemented  in  any  reasonable  manner;  provided,  however,  that  in  the  case  of  a 
Collection, at a minimum such credit will appear, if a credit for all contributing authors of  
Collection appears, then as part of these credits and in a manner at least as prominent as 
the credits for the other contributing authors. For the avoidance of doubt, You may only 
use the credit required by this Section for the purpose of attribution in the manner set out 
above  and,  by  exercising  Your  rights  under  this  License,  You  may  not  implicitly  or 
explicitly  assert  or  imply  any  connection  with,  sponsorship  or  endorsement  by  the 
Original Author, Licensor and/or Attribution Parties, as appropriate, of You or Your use of 
the Work, without the separate, express prior written permission of the Original Author, 
Licensor and/or Attribution Parties.

d. For the avoidance of doubt:
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i. Non-waivable  Compulsory License Schemes.  In  those  jurisdictions  in  which the 
right  to  collect  royalties  through  any  statutory  or  compulsory  licensing  scheme 
cannot be waived, the Licensor reserves the exclusive right to collect such royalties  
for any exercise by You of the rights granted under this License;

ii. Waivable Compulsory License Schemes. In those jurisdictions in which the right to 
collect  royalties  through  any  statutory  or  compulsory  licensing  scheme  can  be  
waived, the Licensor reserves the exclusive right to collect such royalties for any 
exercise by You of  the rights granted under this  License if  Your exercise of  such 
rights is for a purpose or use which is otherwise than noncommercial as permitted 
under Section 4(b) and otherwise waives the right to collect royalties through any  
statutory or compulsory licensing scheme; and,

iii. Voluntary License Schemes.  The Licensor reserves the  right to  collect  royalties, 
whether individually or, in the event that the Licensor is a member of a collecting 
society  that  administers  voluntary  licensing  schemes,  via  that  society,  from  any  
exercise by You of the rights granted under this License that is for a purpose or use 
which is otherwise than noncommercial as permitted under Section 4(b).

e. Except as otherwise agreed in writing by the Licensor or as may be otherwise permitted by 
applicable law, if You Reproduce, Distribute or Publicly Perform the Work either by itself  
or  as  part  of  any  Collections,  You  must  not  distort,  mutilate,  modify  or  take  other 
derogatory  action  in  relation  to  the  Work which  would  be  prejudicial  to  the  Original 
Author's honor or reputation.

5. Representations, Warranties and Disclaimer

UNLESS  OTHERWISE  MUTUALLY  AGREED  BY  THE  PARTIES  IN  WRITING,  LICENSOR  OFFERS  THE 
WORK AS-IS AND MAKES NO REPRESENTATIONS OR WARRANTIES OF ANY KIND CONCERNING THE 
WORK,  EXPRESS,  IMPLIED,  STATUTORY  OR  OTHERWISE,  INCLUDING,  WITHOUT  LIMITATION, 
WARRANTIES  OF  TITLE,  MERCHANTIBILITY,  FITNESS  FOR  A  PARTICULAR  PURPOSE, 
NONINFRINGEMENT,  OR  THE  ABSENCE  OF  LATENT  OR  OTHER  DEFECTS,  ACCURACY,  OR  THE 
PRESENCE OF ABSENCE OF ERRORS,  WHETHER OR NOT DISCOVERABLE. SOME JURISDICTIONS DO 
NOT ALLOW THE EXCLUSION OF IMPLIED WARRANTIES, SO SUCH EXCLUSION MAY NOT APPLY TO 
YOU.

6. Limitation on Liability. EXCEPT TO THE EXTENT REQUIRED BY APPLICABLE LAW, IN NO EVENT 
WILL LICENSOR BE LIABLE TO YOU ON ANY LEGAL THEORY FOR ANY SPECIAL, INCIDENTAL,  
CONSEQUENTIAL, PUNITIVE OR EXEMPLARY DAMAGES ARISING OUT OF THIS LICENSE OR THE 
USE  OF  THE  WORK,  EVEN  IF  LICENSOR HAS  BEEN  ADVISED  OF  THE  POSSIBILITY OF  SUCH 
DAMAGES.

7. Termination

a. This  License  and the  rights  granted  hereunder will  terminate  automatically  upon any 
breach by You of  the  terms of  this  License.  Individuals  or  entities  who have received 
Collections from You under this License, however, will not have their licenses terminated  
provided  such  individuals  or  entities  remain  in  full  compliance  with  those  licenses.  
Sections 1, 2, 5, 6, 7, and 8 will survive any termination of this License.

b. Subject to the above terms and conditions, the license granted here is perpetual (for the 
duration of the applicable copyright in the Work). Notwithstanding the above, Licensor 
reserves the right to release the Work under different license terms or to stop distributing  
the Work at any time; provided, however that any such election will not serve to withdraw 
this License (or any other license that has been, or is required to be, granted under the 
terms  of  this  License),  and  this  License  will  continue  in  full  force  and  effect  unless 
terminated as stated above.
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8. Miscellaneous

a. Each time You Distribute or Publicly Perform the Work or a Collection, the Licensor offers 
to the recipient a license to the Work on the same terms and conditions as the license  
granted to You under this License.

b. If any provision of this License is invalid or unenforceable under applicable law, it shall 
not affect the validity or enforceability of the remainder of the terms of this License, and 
without further action by the parties to this agreement, such provision shall be reformed 
to the minimum extent necessary to make such provision valid and enforceable.

c. No term or provision of this License shall be deemed waived and no breach consented to 
unless such waiver or consent shall be in writing and signed by the party to be charged  
with such waiver or consent.

This License constitutes the entire agreement between the parties with respect to the Work licensed 
here.  There  are  no understandings,  agreements or representations with respect  to  the  Work not 
specified here.  Licensor shall not be bound by any additional  provisions that may appear in  any  
communication from You. This License may not be modified without the mutual written agreement 
of the Licensor and You.

d. The rights granted under, and the subject matter referenced, in this License were drafted  
utilizing  the  terminology  of  the  Berne  Convention  for  the  Protection  of  Literary  and 
Artistic Works (as amended on September 28, 1979), the Rome Convention of  1961, the 
WIPO Copyright Treaty of 1996, the WIPO Performances and Phonograms Treaty of 1996 
and the Universal Copyright Convention (as revised on July 24, 1971). These rights and 
subject  matter  take  effect  in  the  relevant jurisdiction  in  which  the  License  terms are  
sought to be enforced according to the corresponding provisions of the implementation of 
those  treaty  provisions  in  the  applicable  national  law.  If  the  standard  suite  of  rights 
granted under applicable copyright law includes additional rights not granted under this 
License, such additional rights are deemed to be included in the License; this License is not 
intended to restrict the license of any rights under applicable law.

Creative Commons Notice

Creative Commons is not a party to this License, and makes no warranty whatsoever in connection  
with the Work. Creative Commons will not be liable to You or any party on any legal theory for any  
damages whatsoever, including without limitation any general, special, incidental or consequential  
damages arising in connection to this license. Notwithstanding the foregoing two (2) sentences, if  
Creative Commons has expressly identified itself as the Licensor hereunder, it shall have all rights  
and obligations of Licensor.

Except for the limited purpose of indicating to the public that the Work is licensed under the CCPL,  
Creative Commons does not authorize the use by either party of the trademark "Creative Commons" 
or any related trademark or logo of Creative Commons without the prior written consent of Creative 
Commons. Any permitted use will be in compliance with Creative Commons' then-current trademark  
usage guidelines, as may be published on its website or otherwise made available upon request from  
time to  time.  For  the  avoidance of  doubt,  this  trademark restriction does  not form part  of  this  
License.

Creative Commons may be contacted at http://creativecommons.org/.

http://creativecommons.org/




Appendix C

GNU General Public License
Version 3, 29 June 2007

Copyright © 2007 Free Software Foundation, Inc. <http://fsf.org/>

Everyone is permitted to copy and distribute verbatim copies of this license document, but changing 
it is not allowed.

Preamble
The GNU General Public License is a free, copyleft license for software and other kinds of works.

The licenses for most software and other practical works are designed to take away your freedom to 
share and change the works. By contrast, the GNU General Public License is intended to guarantee  
your freedom to share and change all versions of a program--to make sure it remains free software 
for all its users. We, the Free Software Foundation, use the GNU General Public License for most of 
our software; it applies also to any other work released this way by its authors. You can apply it to 
your programs, too.

When we speak of free software, we are referring to freedom, not price. Our General Public Licenses  
are designed to make sure that you have the freedom to distribute copies of  free software (and  
charge for them if you wish), that you receive source code or can get it if you want it, that you can 
change the software or use pieces of it in new free programs, and that you know you can do these  
things.

To protect your rights, we need to prevent others from denying you these rights or asking you to  
surrender the  rights.  Therefore,  you have certain  responsibilities  if  you distribute  copies  of  the 
software, or if you modify it: responsibilities to respect the freedom of others.

For example, if you distribute copies of such a program, whether gratis or for a fee, you must pass on 
to the recipients the same freedoms that you received. You must make sure that they, too, receive or 
can get the source code. And you must show them these terms so they know their rights.

Developers that use the GNU GPL protect your rights with two steps: (1) assert copyright on the  
software, and (2) offer you this License giving you legal permission to copy, distribute and/or modify  
it.

http://fsf.org/
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For the developers' and authors' protection, the GPL clearly explains that there is no warranty for  
this free software. For both users' and authors' sake, the GPL requires that modified versions be 
marked as changed, so that their problems will not be attributed erroneously to authors of previous 
versions.

Some devices are designed to deny users access to install or run modified versions of the software  
inside them, although the manufacturer can do so. This is fundamentally incompatible with the aim 
of protecting users' freedom to change the software. The systematic pattern of such abuse occurs in  
the  area  of  products  for  individuals  to  use,  which  is  precisely  where  it  is  most  unacceptable.  
Therefore, we have designed this version of the GPL to prohibit the practice for those products. If  
such problems arise substantially in other domains, we stand ready to extend this provision to those  
domains in future versions of the GPL, as needed to protect the freedom of users.

Finally, every program is threatened constantly by software patents. States should not allow patents  
to restrict development and use of software on general-purpose computers, but in those that do, we  
wish to avoid the special danger that patents applied to a free program could make it effectively  
proprietary. To prevent this, the GPL assures that patents cannot be used to render the program 
non-free.

The precise terms and conditions for copying, distribution and modification follow.

Terms and Conditions

0. Definitions

“This License” refers to version 3 of the GNU General Public License.

“Copyright”  also  means  copyright-like  laws  that  apply  to  other  kinds  of  works,  such  as 
semiconductor masks.

“The  Program”  refers  to  any  copyrightable  work  licensed  under  this  License.  Each  licensee  is  
addressed as “you”. “Licensees” and “recipients” may be individuals or organizations.

To “modify” a work means to copy from or adapt all  or part of the work in a fashion requiring  
copyright  permission,  other  than  the  making  of  an  exact  copy.  The  resulting  work  is  called  a  
“modified version” of the earlier work or a work “based on” the earlier work.

A “covered work” means either the unmodified Program or a work based on the Program.

To “propagate” a work means to do anything with it that, without permission,  would make you  
directly or secondarily liable for infringement under applicable copyright law, except executing it on  
a computer or modifying a private copy. Propagation includes copying, distribution (with or without 
modification), making available to the public, and in some countries other activities as well.

To “convey” a work means any kind of propagation that enables other parties to make or receive 
copies. Mere interaction with a user through a computer network, with no transfer of a copy, is not  
conveying.

An interactive user interface displays “Appropriate Legal Notices” to the extent that it includes a  
convenient and prominently visible feature that (1) displays an appropriate copyright notice, and (2)  
tells  the  user  that  there  is  no warranty for  the  work (except  to  the  extent that  warranties  are 
provided), that licensees may convey the work under this License, and how to view a copy of this  
License. If the interface presents a list of user commands or options, such as a menu, a prominent 
item in the list meets this criterion.

1. Source Code

The “source code” for a work means the preferred form of the work for making modifications to it.  
“Object code” means any non-source form of a work.
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A “Standard Interface” means an interface that either is an official standard defined by a recognized 
standards body, or, in the case of interfaces specified for a particular programming language, one 
that is widely used among developers working in that language.

The “System Libraries” of an executable work include anything, other than the work as a whole, that 
(a) is included in the normal form of packaging a Major Component, but which is not part of that 
Major Component, and (b) serves only to enable use of the work with that Major Component, or to 
implement a Standard Interface for which an implementation is available to the public in source  
code  form.  A  “Major  Component”,  in  this  context,  means  a  major  essential  component  (kernel, 
window system, and so on) of the specific operating system (if any) on which the executable work 
runs, or a compiler used to produce the work, or an object code interpreter used to run it.

The “Corresponding Source” for a work in  object code form means all the source code needed to 
generate, install, and (for an executable work) run the object code and to modify the work, including 
scripts  to  control  those  activities.  However,  it  does  not  include  the  work's  System Libraries,  or 
general-purpose tools or generally available free programs which are used unmodified in performing  
those activities but which are not part of the work. For example, Corresponding Source includes 
interface definition files associated with source files for the work, and the source code for shared 
libraries and dynamically linked subprograms that the work is specifically designed to require, such  
as by intimate data communication or control flow between those subprograms and other parts of  
the work.

The Corresponding Source need not include anything that users can regenerate automatically from 
other parts of the Corresponding Source.

The Corresponding Source for a work in source code form is that same work.

2. Basic Permissions

All rights granted under this License are granted for the term of copyright on the Program, and are  
irrevocable provided the stated conditions are met. This License explicitly affirms your unlimited  
permission to run the unmodified Program. The output from running a covered work is covered by 
this  License  only  if  the  output,  given  its  content,  constitutes  a  covered  work.  This  License 
acknowledges your rights of fair use or other equivalent, as provided by copyright law.

You may make, run and propagate covered works that you do not convey, without conditions so long 
as your license otherwise remains in force. You may convey covered works to others for the sole  
purpose of having them make modifications exclusively for you, or provide you with facilities for 
running those  works,  provided that  you comply with the  terms of  this License  in  conveying all  
material for which you do not control copyright. Those thus making or running the covered works 
for  you must do so  exclusively  on your behalf,  under your direction and control,  on terms that 
prohibit them from making any copies of your copyrighted material outside their relationship with 
you.

Conveying under any other circumstances is permitted solely under the conditions stated below.  
Sublicensing is not allowed; section 10 makes it unnecessary.

3. Protecting Users' Legal Rights From Anti-Circumvention Law

No covered work shall be deemed part of an effective technological measure under any applicable  
law fulfilling obligations under article 11 of the WIPO copyright treaty adopted on 20 December 1996,  
or similar laws prohibiting or restricting circumvention of such measures.

When  you  convey  a  covered  work,  you  waive  any  legal  power  to  forbid  circumvention  of  
technological measures to the extent such circumvention is effected by exercising rights under this  
License  with respect  to  the  covered work,  and you disclaim any intention to  limit  operation or 
modification of the work as a means of enforcing, against the work's users, your or third parties'  
legal rights to forbid circumvention of technological measures.
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4. Conveying Verbatim Copies

You may convey verbatim copies of the Program's source code as you receive it, in any medium, 
provided that you conspicuously and appropriately publish on each copy an appropriate copyright  
notice; keep intact all notices stating that this License and any non-permissive terms added in accord 
with section 7 apply to the code; keep intact all notices of the absence of any warranty; and give all  
recipients a copy of this License along with the Program.

You may charge any price or no price for each copy that you convey, and you may offer support or 
warranty protection for a fee.

5. Conveying Modified Source Versions

You may convey a work based on the Program, or the modifications to produce it from the Program,  
in the form of source code under the terms of section 4, provided that you also meet all of these  
conditions:

a) The work must carry prominent notices stating that you modified it, and giving a relevant date. 

b) The work must carry prominent notices stating that it  is  released under this License and any  
conditions added under section 7. This requirement modifies the requirement in section 4 to “keep 
intact all notices”. 

c)  You must  license  the  entire  work,  as  a whole,  under this  License  to  anyone who comes into 
possession of a copy. This License will therefore apply, along with any applicable section 7 additional  
terms, to the whole of the work, and all its parts, regardless of how they are packaged. This License 
gives no permission to license the work in any other way, but it does not invalidate such permission 
if you have separately received it. 

d) If the work has interactive user interfaces, each must display Appropriate Legal Notices; however, 
if the Program has interactive interfaces that do not display Appropriate Legal Notices, your work  
need not make them do so. 

A compilation of a covered work with other separate and independent works, which are not by their  
nature extensions of the covered work, and which are not combined with it such as to form a larger  
program, in or on a volume of a storage or distribution medium, is  called an “aggregate” if  the  
compilation  and  its  resulting  copyright  are  not  used  to  limit  the  access  or  legal  rights  of  the 
compilation's users beyond what the individual works permit. Inclusion of a covered work in an 
aggregate does not cause this License to apply to the other parts of the aggregate.

6. Conveying Non-Source Forms

You may convey a covered work in object code form under the terms of sections 4 and 5, provided 
that you also convey the machine-readable Corresponding Source under the terms of this License, in  
one of these ways:

a) Convey the  object code in, or embodied in, a physical product (including a physical distribution 
medium),  accompanied  by  the  Corresponding  Source  fixed  on  a  durable  physical  medium 
customarily used for software interchange. 

b) Convey the  object code in, or embodied in, a physical product (including a physical distribution 
medium), accompanied by a written offer, valid for at least three years and valid for as long as you  
offer spare parts or customer support for that product model,  to give anyone who possesses the 
object code either (1) a copy of the Corresponding Source for all the software in the product that is  
covered by this License, on a durable physical medium customarily used for software interchange,  
for a price no more than your reasonable cost of physically performing this conveying of source, or  
(2) access to copy the Corresponding Source from a network server at no charge. 
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c)  Convey  individual  copies  of  the  object code  with  a  copy  of  the  written  offer  to  provide  the 
Corresponding Source. This alternative is allowed only occasionally and noncommercially, and only  
if you received the object code with such an offer, in accord with subsection 6b. 

d) Convey the  object code by offering access from a designated place (gratis or for a charge), and 
offer equivalent access to the Corresponding Source in the same way through the same place at no  
further charge. You need not require recipients to copy the Corresponding Source along with the  
object code. If the place to copy the object code is a network server, the Corresponding Source may 
be on a different server (operated by you or a third party) that supports equivalent copying facilities,  
provided  you  maintain  clear  directions  next  to  the  object code  saying  where  to  find  the 
Corresponding  Source.  Regardless  of  what  server  hosts  the  Corresponding  Source,  you  remain 
obligated to ensure that it is available for as long as needed to satisfy these requirements. 

e) Convey the object code using peer-to-peer transmission, provided you inform other peers where 
the object code and Corresponding Source of the work are being offered to the general public at no 
charge under subsection 6d. 

A  separable  portion  of  the  object code,  whose  source  code  is  excluded from the  Corresponding 
Source as a System Library, need not be included in conveying the object code work.

A “User Product” is either (1) a “consumer product”, which means any tangible personal property  
which is normally used for personal, family, or household purposes, or (2) anything designed or sold  
for incorporation into a dwelling. In determining whether a product is a consumer product, doubtful 
cases shall be resolved in favor of coverage. For a particular product received by a particular user,  
“normally used” refers to a typical or common use of that class of product, regardless of the status of  
the particular user or of the way in which the particular user actually uses, or expects or is expected  
to  use,  the  product.  A  product  is  a  consumer  product  regardless  of  whether  the  product  has  
substantial  commercial,  industrial  or  non-consumer  uses,  unless  such  uses  represent  the  only 
significant mode of use of the product.

“Installation Information” for a User Product means any methods, procedures, authorization keys, or  
other information required to install and execute modified versions of a covered work in that User  
Product from a modified version of its Corresponding Source. The information must suffice to ensure  
that the continued functioning of the modified object code is in no case prevented or interfered with 
solely because modification has been made.

If you convey an  object code work under this section in, or with, or specifically for use in, a User 
Product, and the conveying occurs as part of a transaction in which the right of possession and use of  
the User Product is transferred to the recipient in perpetuity or for a fixed term (regardless of how 
the transaction is characterized), the Corresponding Source conveyed under this section must be 
accompanied by the Installation Information. But this requirement does not apply if neither you nor 
any third party retains the ability to install modified object code on the User Product (for example, 
the work has been installed in ROM).

The requirement to provide Installation Information does not include a requirement to continue to  
provide support service, warranty, or updates for a work that has been modified or installed by the 
recipient, or for the User Product in which it has been modified or installed. Access to a network may 
be denied when the modification itself materially and adversely affects the operation of the network  
or violates the rules and protocols for communication across the network.

Corresponding Source conveyed, and Installation Information provided, in accord with this section 
must be in a format that is publicly documented (and with an implementation available to the public  
in  source  code  form),  and  must  require  no  special  password  or  key  for  unpacking,  reading  or  
copying.

7. Additional Terms

“Additional permissions” are terms that supplement the terms of this License by making exceptions  
from one or more of its conditions. Additional permissions that are applicable to the entire Program 
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shall be treated as though they were included in this License, to the extent that they are valid under 
applicable law. If additional permissions apply only to part of the Program, that part may be used 
separately  under  those  permissions,  but  the  entire  Program  remains  governed  by  this  License 
without regard to the additional permissions.

When  you  convey  a  copy  of  a  covered  work,  you  may  at  your  option  remove  any  additional  
permissions from that copy, or from any part of it. (Additional permissions may be written to require 
their  own  removal  in  certain  cases  when  you  modify  the  work.)  You  may  place  additional 
permissions on material, added by you to a covered work, for which you have or can give appropriate  
copyright permission.

Notwithstanding any other provision of this License, for material you add to a covered work, you 
may (if authorized by the copyright holders of that material) supplement the terms of this License  
with terms:

a) Disclaiming warranty or limiting liability differently from the terms of sections 15 and 16 of this 
License; or 

b) Requiring preservation of specified reasonable legal notices or author attributions in that material  
or in the Appropriate Legal Notices displayed by works containing it; or 

c) Prohibiting misrepresentation of the origin of that material, or requiring that modified versions of  
such material be marked in reasonable ways as different from the original version; or 

d) Limiting the use for publicity purposes of names of licensors or authors of the material; or 

e) Declining to grant rights under trademark law for use of some trade names, trademarks, or service 
marks; or 

f) Requiring indemnification of licensors and authors of that material by anyone who conveys the 
material (or modified versions of it) with contractual assumptions of liability to the recipient, for any  
liability that these contractual assumptions directly impose on those licensors and authors. 

All other non-permissive additional terms are considered “further restrictions” within the meaning 
of section 10. If the Program as you received it, or any part of it, contains a notice stating that it is  
governed by this License along with a term that is a further restriction, you may remove that term. If  
a license document contains a further restriction but permits relicensing or conveying under this  
License, you may add to a covered work material governed by the terms of that license document,  
provided that the further restriction does not survive such relicensing or conveying.

If you add terms to a covered work in accord with this section, you must place, in the relevant source  
files, a statement of the additional terms that apply to those files, or a notice indicating where to find  
the applicable terms.

Additional terms, permissive or non-permissive, may be stated in the form of a separately written 
license, or stated as exceptions; the above requirements apply either way.

8. Termination.

You may not propagate or modify a covered work except as expressly provided under this License.  
Any attempt otherwise to  propagate or modify  it  is  void,  and will  automatically  terminate  your 
rights under this License (including any patent licenses granted under the third paragraph of section  
11).

However, if you cease all  violation of this License, then your license from a particular copyright 
holder is  reinstated (a) provisionally, unless and until  the copyright holder explicitly and finally  
terminates  your license,  and (b)  permanently,  if  the  copyright  holder  fails  to  notify  you of  the  
violation by some reasonable means prior to 60 days after the cessation.

Moreover, your license from a particular copyright holder is reinstated permanently if the copyright 
holder notifies you of the violation by some reasonable means, this is the first time you have received 
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notice  of  violation  of  this  License  (for  any work)  from that copyright  holder,  and you cure  the 
violation prior to 30 days after your receipt of the notice.

Termination of your rights under this section does not terminate the licenses of parties who have  
received copies or rights from you under this License. If your rights have been terminated and not  
permanently  reinstated,  you do not qualify  to receive  new licenses  for  the  same material  under 
section 10.

9. Acceptance Not Required for Having Copies.

You are  not  required  to  accept  this  License  in  order  to  receive  or  run  a  copy  of  the  Program. 
Ancillary propagation of a covered work occurring solely as a consequence of using peer-to-peer  
transmission to receive a copy likewise does not require acceptance. However, nothing other than  
this License grants you permission to propagate or modify any covered work. These actions infringe  
copyright if you do not accept this License. Therefore, by modifying or propagating a covered work,  
you indicate your acceptance of this License to do so.

10. Automatic Licensing of Downstream Recipients.

Each  time you  convey  a  covered  work,  the  recipient  automatically  receives  a  license  from  the  
original  licensors,  to  run,  modify  and propagate  that  work,  subject  to  this  License.  You are  not  
responsible for enforcing compliance by third parties with this License.

An “entity transaction” is a transaction transferring control of an organization, or substantially all  
assets of one, or subdividing an organization, or merging organizations. If propagation of a covered  
work results from an entity transaction, each party to that transaction who receives a copy of the  
work also receives whatever licenses to the work the party's predecessor in interest had or could  
give under the previous paragraph, plus a right to possession of the Corresponding Source of the 
work from the predecessor in interest, if the predecessor has it or can get it with reasonable efforts.

You may not impose any further restrictions on the exercise of the rights granted or affirmed under 
this License. For example, you may not impose a license fee, royalty, or other charge for exercise of 
rights granted under this License, and you may not initiate litigation (including a cross-claim or  
counterclaim in a  lawsuit)  alleging  that  any patent claim is  infringed by  making,  using,  selling, 
offering for sale, or importing the Program or any portion of it.

11. Patents.

A “contributor” is a copyright holder who authorizes use under this License of the Program or a 
work on which the Program is based. The work thus licensed is called the contributor's “contributor 
version”.

A  contributor's  “essential  patent  claims”  are  all  patent  claims  owned  or  controlled  by  the  
contributor,  whether  already  acquired  or  hereafter  acquired,  that  would  be  infringed  by  some 
manner, permitted by this License, of making, using, or selling its contributor version, but do not 
include  claims  that  would  be  infringed  only  as  a  consequence  of  further  modification  of  the  
contributor version. For purposes of  this definition, “control” includes the right to grant patent 
sublicenses in a manner consistent with the requirements of this License.

Each  contributor  grants  you  a  non-exclusive,  worldwide,  royalty-free  patent  license  under  the 
contributor's essential patent claims, to make, use, sell,  offer for sale, import and otherwise run, 
modify and propagate the contents of its contributor version.

In the following three  paragraphs, a “patent license” is  any express  agreement or commitment, 
however denominated, not to enforce a patent (such as an express permission to practice a patent or 
covenant not to sue for patent infringement). To “grant” such a patent license to a party means to 
make such an agreement or commitment not to enforce a patent against the party.
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If you convey a covered work, knowingly relying on a patent license, and the Corresponding Source 
of the work is not available for anyone to copy, free of charge and under the terms of this License,  
through a publicly available network server or other readily accessible means, then you must either  
(1)  cause the  Corresponding Source to  be  so available,  or (2)  arrange to  deprive  yourself  of  the  
benefit of the patent license for this particular work, or (3) arrange, in a manner consistent with the 
requirements of this License, to extend the patent license to downstream recipients. “Knowingly 
relying” means you have actual  knowledge that,  but  for  the  patent license,  your conveying the  
covered work in a country, or your recipient's use of the covered work in a country, would infringe 
one or more identifiable patents in that country that you have reason to believe are valid.

If, pursuant to or in connection with a single transaction or arrangement, you convey, or propagate  
by procuring conveyance of,  a  covered work,  and grant a  patent license  to  some of  the  parties  
receiving the covered work authorizing them to use, propagate, modify or convey a specific copy of 
the covered work, then the patent license you grant is automatically extended to all recipients of the  
covered work and works based on it.

A patent license is “discriminatory” if it does not include within the scope of its coverage, prohibits  
the  exercise  of,  or  is  conditioned  on  the  non-exercise  of  one  or  more  of  the  rights  that  are 
specifically granted under this License. You may not convey a covered work if you are a party to an  
arrangement with a third party that is in the business of distributing software, under which you 
make payment to the third party based on the extent of your activity of conveying the work, and  
under which the third party grants, to any of the parties who would receive the covered work from 
you, a discriminatory patent license (a) in connection with copies of the covered work conveyed by 
you (or copies made from those copies), or (b) primarily for and in connection with specific products  
or compilations that contain the covered work, unless you entered into that arrangement, or that  
patent license was granted, prior to 28 March 2007.

Nothing in  this  License  shall  be  construed as  excluding or  limiting any implied license  or other 
defenses to infringement that may otherwise be available to you under applicable patent law.

12. No Surrender of Others' Freedom.

If conditions are imposed on you (whether by court order, agreement or otherwise) that contradict  
the conditions of this License, they do not excuse you from the conditions of this License. If you  
cannot convey a covered work so as to satisfy simultaneously your obligations under this License and 
any other pertinent obligations, then as a consequence you may not convey it at all. For example, if  
you agree to terms that obligate you to collect a royalty for further conveying from those to whom 
you convey the Program, the only way you could satisfy both those terms and this License would be  
to refrain entirely from conveying the Program.

13. Use with the GNU Affero General Public License.

Notwithstanding any other provision of this License, you have permission to link or combine any 
covered work with a work licensed under version 3 of the GNU Affero General Public License into a 
single combined work, and to convey the resulting work. The terms of this License will continue to  
apply to the part which is the covered work, but the special requirements of the GNU Affero General 
Public License, section 13, concerning interaction through a network will apply to the combination 
as such.

14. Revised Versions of this License.

The Free Software Foundation may publish revised and/or new versions of the GNU General Public  
License from time to time. Such new versions will be similar in spirit to the present version, but may 
differ in detail to address new problems or concerns.

Each  version  is  given  a  distinguishing  version  number.  If  the  Program  specifies  that  a  certain 
numbered version of the GNU General Public License “or any later version” applies to it, you have 
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the option of following the terms and conditions either of that  numbered version or of any later 
version  published  by  the  Free  Software  Foundation.  If  the  Program  does  not  specify  a  version 
number of the GNU General Public License, you may choose any version ever published by the Free  
Software Foundation.

If the Program specifies that a proxy can decide which future versions of the GNU General Public 
License can be used, that proxy's public statement of acceptance of a version permanently authorizes  
you to choose that version for the Program.

Later  license  versions  may give  you additional  or  different permissions.  However,  no additional  
obligations are imposed on any author or copyright holder as a result of your choosing to follow a  
later version.

15. Disclaimer of Warranty.

THERE IS NO WARRANTY FOR THE PROGRAM, TO THE EXTENT PERMITTED BY APPLICABLE LAW. 
EXCEPT WHEN OTHERWISE STATED IN WRITING THE COPYRIGHT HOLDERS AND/OR OTHER PARTIES 
PROVIDE  THE  PROGRAM  “AS  IS”  WITHOUT  WARRANTY  OF  ANY  KIND,  EITHER  EXPRESSED  OR 
IMPLIED, INCLUDING, BUT NOT LIMITED TO, THE IMPLIED WARRANTIES OF MERCHANTABILITY AND 
FITNESS FOR A PARTICULAR PURPOSE. THE ENTIRE RISK AS TO THE QUALITY AND PERFORMANCE 
OF THE PROGRAM IS WITH YOU. SHOULD THE PROGRAM PROVE DEFECTIVE, YOU ASSUME THE COST 
OF ALL NECESSARY SERVICING, REPAIR OR CORRECTION.

16. Limitation of Liability.

IN  NO  EVENT  UNLESS  REQUIRED  BY  APPLICABLE  LAW  OR  AGREED  TO  IN  WRITING  WILL  ANY 
COPYRIGHT HOLDER, OR ANY OTHER PARTY WHO MODIFIES AND/OR CONVEYS THE PROGRAM AS 
PERMITTED  ABOVE,  BE  LIABLE  TO  YOU  FOR  DAMAGES,  INCLUDING  ANY  GENERAL,  SPECIAL, 
INCIDENTAL OR CONSEQUENTIAL DAMAGES ARISING OUT OF THE USE OR INABILITY TO USE THE  
PROGRAM  (INCLUDING  BUT  NOT  LIMITED  TO  LOSS  OF  DATA  OR  DATA  BEING  RENDERED 
INACCURATE OR LOSSES SUSTAINED BY YOU OR THIRD PARTIES OR A FAILURE OF THE PROGRAM TO 
OPERATE  WITH  ANY  OTHER  PROGRAMS),  EVEN  IF  SUCH  HOLDER  OR  OTHER  PARTY  HAS  BEEN 
ADVISED OF THE POSSIBILITY OF SUCH DAMAGES.

17. Interpretation of Sections 15 and 16.

If the disclaimer of warranty and limitation of liability provided above cannot be given local legal 
effect according to their terms, reviewing courts shall apply local law that most closely approximates 
an  absolute  waiver  of  all  civil  liability  in  connection  with  the  Program,  unless  a  warranty  or 
assumption of liability accompanies a copy of the Program in return for a fee.

END OF TERMS AND CONDITIONS

How to Apply These Terms to Your New Programs

If you develop a new program, and you want it to be of the greatest possible use to the public, the 
best way to achieve this is to make it free software which everyone can redistribute and change 
under these terms.

To do so, attach the following notices to the program. It is safest to attach them to the start of each  
source file to most effectively state the exclusion of warranty; and each file should have at least the  
“copyright” line and a pointer to where the full notice is found.
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<one line to give the program's name and a brief idea of what it does.>

Copyright (C) <year>  <name of author>

This program is free software: you can redistribute it and/or modify it under the terms 
of the GNU General Public License as published by the Free Software Foundation, either 
version  3  of  the  License,  or  (at  your  option)  any  later  version.This  program  is 
distributed in the hope that it will be useful, but WITHOUT ANY WARRANTY; without even 
the implied warranty of MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE.  See the GNU 
General Public License for more details.  You should have received a copy of the GNU 
General  Public  License  along  with  this  program.   If  not,  see 
<http://www.gnu.org/licenses/>.

Also add information on how to contact you by electronic and paper mail.

If the program does terminal interaction, make it output a short notice like this when it starts in an  
interactive mode:

<program>  Copyright (C) <year>  <name of author>

This program comes with ABSOLUTELY NO WARRANTY; for details type `show w'.

This is free software, and you are welcome to redistribute it under certain conditions; type `show c' 
for details.

The hypothetical commands `show w' and `show c' should show the appropriate parts of the General 
Public License. Of  course, your program's commands might be different; for a GUI interface, you 
would use an “about box”.

You should also  get  your employer  (if  you work as  a  programmer)  or  school,  if  any,  to  sign a  
“copyright disclaimer” for the program, if necessary.  For more information on this,  and how to  
apply and follow the GNU GPL, see <http://www.gnu.org/licenses/>.

The  GNU  General  Public  License  does  not  permit  incorporating  your  program  into  proprietary 
programs. If your program is a subroutine library, you may consider it more useful to permit linking 
proprietary applications with the library. If this is what you want to do, use the GNU Lesser General  
Public License instead of this License.  But first, please read <http://www.gnu.org/philosophy/why-
not-lgpl.html>.

http://www.gnu.org/philosophy/why-not-lgpl.html
http://www.gnu.org/philosophy/why-not-lgpl.html
http://www.gnu.org/licenses/
http://www.gnu.org/licenses/
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